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THE APPLICATION OF MATHEMATICS 
TO THE SOCIAL SCIENCES* 


BY IRVING FISHER 


The invitation to deliver this lecture was accepted chiefly 
because of my veneration for J. Willard Gibbs, whose pupil I 
was forty years ago. 

It was by accident rather than by design that my own life 
work was diverted from mathematical physics and mathe- 
matics, which it was my privilege to study under Gibbs, and 
was turned, instead, toward the application of mathematics to 
the social sciences. 

While I have lost touch with the subject of which J. Willard 
Gibbs was a master, the debt which I owe to him and the help 
which. my studies with him have afforded me even in the field 
of the social sciences can never be forgotten. 

I hope, therefore, that it may not be amiss to precede what 
I have to say on Mathematics in the Social Sciences by a 
reminiscent statement of my personal impressions of Gibbs 
himself. J. Willard Gibbs towered, head and shoulders, above 
any other intellect with which I have come in contact. I had a 
keen realization of his greatness even in those formative years 
in Yale College and the Yale Graduate School. But this keen 
realization has grown even keener as the years have swept by, 
not only because of the increased evidence of the fundamental 
value of Gibbs’ work in his own chosen field but also because 
in my own consciousness, after so many details have dropped 
from memory, there persists all the more clearly the strong 
impression which Gibbs’ personality and teaching made upon 
me. 

In saying this I do not think I can be accused of undue 
enthusiasm simply from the loyalty of a pupil to his teacher, 
especially in view of the statements of Lord Kelvin and others, 
which virtually rank Gibbs as the Sir Isaac Newton of America. 
Lord Kelvin said when visiting at Yale, a few years ago, that 


* The seventh Josiah Willard Gibbs Lecture, read at Des Moines, De- 
cember 31, 1929, before a joint session of the American Mathematical Society 
and the American Association for the Advancement of Science. 
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“by the year 2000 Yale would be best known to the world for 
having produced J. Willard Gibbs.” 

One of the most striking characterizations of Gibbs was 
recently made by Dr. John Johnston, now with the United 
States Steel Corporation, then Professor of Chemistry at Yale, 
in his address on Gibbs delivered at Yale University two years 
ago. He stated that no result of Gibbs’ work had yet been 
overthrown, and that, in this respect, Gibbs seems to stand 
unique and supreme among the great scientists. 

The English physical chemist, Professor F. G. Donnan, has 
said that “Gibbs ranks with men like Newton, Lagrange and 
Hamilton, who by the sheer force and power of their minds have 
produced those generalized statements of scientific law which 
mark epochs in the advance of exact knowledge..... The 
work and inspiration of Gibbs have thus produced not only a 
great science but also an equally great practice. There is, 
today, no great chemical or metallurgical industry that does 
not depend, for the development and control of a great part of 
its operations, on an understanding and application of dynamic 
chemistry and the geometrical theory of heterogeneous 
equilibria.” 

Professor Ostwald said, in the preface to his German trans- 
lation of Gibbs’ thermodynamic papers in 1892: 

“The importance of the thermodynamic papers of Willard 
Gibbs can best be indicated by the fact that in them is con- 
tained, explicitly or implicitly, a large part of the discoveries 
which have since been made by various investigators in the 
domain of chemical and physical equilibrium and which have 
led to so notable a development in this field ..... The contents 
of this work are today of immediate importance and by no 
means of merely historical value. For of the almost boundless 
wealth of results which it contains, or to which it points the 
way, only a small part has up to the present time 1892 been 
made fruitful.” 

Sir Joseph Larmor said: 

“This monumental memoir On the Equilibrium of Hetero- 
geneous Substances made a clean sweep of the subject and 
workers in the modern experimental science of physical 
chemistry have returned to it again and again to find their 
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empirical principles forecasted in the light of pure theory and 
to derive fresh inspiration for new departures.” 

We think no less of Gibbs’ greatness because he himself 
showed so little consciousness of it. He must have realized the 
fundamental character of his work. But his pupils remarked his 
profound modesty and often commented on it. His chief delight 
was in truth seeking for its own sake, and he was so intent on 
this search that he had no time even to think of emphasizing the 
originality or value of his own additions to the great vista of 
truth over which his mind swept. Doubtless he often did not 
know or greatly care where the work of others ceased and his 
own began. He did not always wade through the literature 
which preceded his own scientific papers. I remember hearing 
him say that when he wanted to verify another man’s results 
he usually found it easier to work them out for himself than to 
follow the other man’s own course of reasoning. This was said 
without any affectation, but simply in a jocular vein, as by one 
who would escape a difficult task by going his own way. But 
even though it may be difficult to disentangle what was original 
in Gibbs’ work from what was anticipated by others, surely 
no competent person doubts today that he founded a new era in 
physics and chemistry. 

Because of his retiring disposition and the theoretical nature 
of his work, he was, during his lifetime, almost unknown 
except among a few special students. The majority of students 
at Yale, in my day, did not know of his existence, much less of 
his greatness. And there were far fewer people in America 
who could appreciate what he was doing than there were in 
Europe. 

His work was more promptly recognized in Germany. When 
I studied in Berlin in 1893, and was asked under whom I had 
studied in America, I enumerated the mathematicians at Yale. 
To my mortification not one of the names was known to those 
Berlin professors, until I mentioned Gibbs, whereupon they 
were loud in his praises. “Geebs, Geebs, jawohl, ausgezeichnet\” 

Even today, Gibbs illustrates the rule that a prophet is not 
without honor save in his own country. As Professor Johnston 
noted, the fiftieth anniversary of the publication of the first 
part of Gibbs’ great work on the Equilibrium of Heterogeneous 
Substances was signalized in Holland by the publication of a 
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Gibbs’ number of their chemical journal. This contained 
contributions from Dutch authorities, as well as from French, 
German, Canadian, Norwegian and English authorities but 
none from an American! 

It is true, however, that at Yale we have finally established 
a Gibbs fund for a lecturership to be filled by visiting professors 
and that a new complete edition of his works has been issued 
by Longmans, Green and Co. It is also planned to issue two 
volumes of commentations on Gibbs’ work to make its chief 
results more accessible to the general scientist. I am proud to 
have played a part in these undertakings. May I take this op- 
portunity to say that I am also proud to have been included 
among the J. Willard Gibbs lecturers? And may I congratulate 
the American Mathematical Society on being the organization 
to found this lecturership, although Gibbs was professedly not 
so much a mathematician as a physicist. The only other Gibbs 
lecturership seems to be that at the Mellon Institute in Pitts- 
burgh. The Chicago Section of the American Chemical Society 
awards a “J. Willard Gibbs medal” annually, the recipient of 
which makes an address. 

Presumably Gibbs’ greatest contribution to science was his 
application of the laws of thermodynamics to chemistry. He 
made this almost a deductive science. Professor Bumstead 
said of his work: “To an unusual extent, among the sciences 
which appeal to experiment, it can be, and has been, cast in a 
deductive form. Sir Isaac Newton said that ‘it is the glory of 
geometry that from a few principles it is able to produce so 
many things.’ Thermodynamics shares in this kind of glory; 
it has only two fundamental principles, of which the first is a 
statement of the conservation of energy as applied to heat, and 
the second states the fact (so deeply founded in general ex- 
perience that it seems almost axiomatic) that heat will not, of 
itself, flow from a body at a lower temperature to one of a 
higher temperature. From these two simple principles, by an 
almost euclidean method, a surprising number of facts and 
relations between work and heat, and various properties of 
bodies were deduced about the middle of the last century.” 

J. Willard Gibbs was certainly a master at producing many 
deductions from a few general principles. And it was just 
because of the generality of the principles from which he 
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always insisted on starting that he succeeded in reaching such 
a wealth of conclusions. 

In fact, it has always seemed to me that Gibbs’ chief in- 
tellectual characteristic consisted in his tendency to make his 
reasoning as general as possible, to get the maximum of results 
from the minimum of hypotheses. I shall never forget, and have 
often quoted, an aphorism used by Gibbs, whether or not 
original with him, to the effect that “the whole is simpler than 
its parts.” For instance, when he had a problem involving 
coordinates he preferred to employ an indeterminate origin, 
maintaining that his results were thereby rendered simpler 
and easier than if he took the origin at some apparently more 
convenient but special point in relation to the crystal or other 
conformation which he was discussing. When the origin is in- 
determinate it automatically effaces itself from all the general 
relations deduced. 

Many, if not most, other investigators instinctively seek to 
solve special cases before attempting to solve the general case. 
Sometimes they pay a big penalty in needless experimentation. 
I remember Professor Bumstead, my fellow student at Yale, 
recounting with relish a conversation that Gibbs was reputed 
to have had with a youthful investigator who had made a 
laborious experimental study of certain relationships and who 
was, with pardonable pride, telling Gibbs of his conclusion. 
After listening attentively Professor Gibbs quite naturally and 
unaffectedly closed his eyes, thought a moment, and said, 
“Yes, that would be true”, seeing at once that the special result 
which this young investigator had reached was a necessary 
corollary of Gibbs’ own more general results. For him, it 
required no experimental verification. The young man’s work 
had, from Gibb’s viewpoint, been almost as much wasted as 
if it had been spent in a laborious set of measurements of right 
angle triangles on the basis of which measurements he should 
announce as a new and experimental discovery that the square 
of the hypotenuse is equal to the sum of the squares of the other 
two sides. It is worth noting that, though Gibbs did his work in 
the Sloane Physics Laboratory, he never, as far as I know at 
least, performed a single experiment. His life work, stupendous 
as it was, and based as it was on concrete fact, consisted ex- 
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clusively in new deductions from old results, the full significance 
of which no one else had been able to derive. 

In his effort to represent physical relations by geometrical 
models and to portray the theory of electricity and magnetism 
by geometrical methods, Gibbs encountered the need of a new 
vector analysis to replace the awkward analysis by Cartesian 
coordinates, requiring, as that does, three times as many equa- 
tions to write and manipulate as does vector analysis, not to 
say diverting attention from the lines and surfaces actually 
involved to their projections on three arbitrary axes. 

To me the most interesting course I had with Gibbs was on 
vector analysis. He believed he had simplified the Hamilton 
system of quaternions, getting his cue from Grassmann’s 
Ausdehnungslehre. But he was so conscious of his obligations 
to Grassmann that he was reluctant to publish his own system, 
apparently doubting whether it possessed enough originality 
to warrant publication. He therefore had privately printed a 
syllabus of his system and this reprint was used by us in his 
class as a text. Only after many years did Professor E. B. 
Wilson construct a more elaborate text book embodying Gibbs’ 
principles of vector analysis. 

It is a curious fact that, while Gibbs’ work in thermodynamics 
was appreciated in Germany, his work in vector analysis was 
not. I remember the comment of Professor Schwartz at Berlin, 
when I undertook to defend Gibbs’ vector analysis: “Es ist zu 
willkiirlich.” The Germans felt in honor bound to restrict pure 
mathematics to mere elaboration of the proposition that one 
and one make two. Starting with this proposition, by successive 
additions or subtractions of unity, we may, of course, by going 
forward, obtain all the positive integers; this is addition. 
Reversing, we obtain zero and the negative integers; this is 
subtraction. Then, by applying repeated addition or multiplica- 
tion and repeated subtraction or division, repeated multi- 
plication or involution, and repeated division or evolution, 
we arrive at fractions, surds, imaginary quantities and finally 
the complex variable x+yi. But beyond this, by such 
processes no more general form of magnitude can possibly be 
derived; for, if we operate on a complex variable by addition, 
subtraction, multiplication, division, involution or evolution, 
under the recognized rules of algebra, we obtain simply other 
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complex variables and nothing else whatsoever. Only by 
changing, or as the German critics would say, by violating, the 
fundamental rules of algebra faithfully followed in the above 
processes, such as the rule that aXb is equal to ) Xa, is it 
possible to enter into any other realm of mathematics than 
that of the complex variable. 

When I reported these criticisms to Gibbs, his comment was 
that all depends on what your object is in making those sacrosanct 
rules for operating upon symbols. If the object is to interpret 
physical phenomena and if we find we can do better by having 
a rule that a X b is equal not to bX a but to minus b X a, as in the 
multiplication of two vectors, then, he said, the criticisms of 
the Germans are beside the point. 

The fact is that Gibbs, though a great mathematician, was 
not primarily interested in mathematics as such. His interest 
lay in its applications to reality—in the substance rather than 
the form. All his contributions to pure mathematics were 
sought and found not as mere proliferations of formal and 
abstract logic but as by-products of his work in interpreting 
the facts of the physical universe. 

The far reaching effects of Gibbs’ work apply not only to in- 
organic physics and chemistry but also to the organic world. 
One of the most elaborate reviews of Gibbs and his relation to 
modern science is by Lt. Col. Fielding H. Garrison, M.D., 
Assistant to the Librarian of the Army Medical Library, Wash- 
ington, D. C., in which he shows, among other things, the appli- 
cation of Gibbs’ work to the equilibrium of heterogeneous 
substances in general physiology. 

Despite Gibbs’ retiring disposition and his disinclination for 
general society he was most cordial in his personal contact 
with colleagues and students and never seemed to lack time to 
give to anyone who chose to discuss the subject in which he 
was so deeply interested. He made on all a deep impression of 
kindliness. I well remember the remark of Percey Smith, now 
Professor of Mathematics at Yale, who was a fellow student of 
Gibbs with me, as we walked out of one of Gibbs’ lectures, 
“What a gentle man he is!” 

He enjoyed a joke, often laughed and excited laughter. He 
took pleasure in applying his mathematics in simple ways. One 
of his minor but fascinating papers before the Yale Mathemati- 


232 IRVING FISHER [April, 


cal Club was on the Paces of a horse, the writing of which was 
doubtless suggested by watching a horse which he had just 
purchased. Probably no one else ever put a horse through his 
paces as scientifically or amusingly as Gibbs did in that paper. 

Gibbs himself never contributed to the social sciences. 
Apparently I am the only one of his pupils who, after first 
doing some teaching in mathematics and physics, became pro- 
fessedly an economist, although Professor E. B. Wilson, Gibbs’ 
chief interpreter as to mathematics, has taken a lively interest 
in many lines of social science and statistics and was this year 
President of the American Statistical Association. 

After several years’ graduate study partly in mathematics 
under Gibbs, and partly in economics under Sumner, the time 
came for me to write my doctor’s thesis and I selected as my 
subject Mathematical Investigations in the Theory of Value and 
Prices. Professor Gibbs showed a lively interest in this youthful 
work, and was especially interested in the fact that I had used 
geometric constructions and methods, including his own vector 
notation. 

The late Professor Allyn Young of Harvard also made occa- 
sional use of vectors in his economic work. Another economic 
student and writer, a brilliant young Norwegian, Professor 
Ragnar Frisch, has latterly used the vector notation and says 
he could scarcely think without it. Professor Frisch will this 
year be visiting Professor at Yale from the University of Oslo. 

It is one of the handicaps of mathematics in the social sci- 
ences that there are so few who are trained in both lines for 
such study, and this particularly applies to any applications of 
Professor Gibbs’ vector analysis. If vector analysis should be- 
come more widely understood and used by students in the social 
sciences, doubtless it would be more generally utilized, at least 
as a vehicle for thought. 

Occasionally, and increasingly, the ideas and notations of the 
differential and integral calculus are applied by mathematical 
economists and statisticians. But, of course, most of the math- 
ematics employed in the social sciences consists of simple alge- 
bra. There is a saying which, by the way, was quoted by Gibbs 
in his address on Multiple Algebra, that “the human mind has 
never invented a labor-saving machine equal to algebra.” 

There are several fairly distinct branches of social science to 
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which mathematics has been, or may be, applied. The chief of 
these may be distinguished as (1) pure economics, (2) the 
“smoothing” of statistical series, (3) correlation, and (4) prob- 
abilities, all of which overlap to some extent. 

My own chief interest in social science, from a mathematical 
point of view, has been in the first of these four groups, pure 
theory. 

When I began my work in this field in 1891, mathematics in 
economic theory was looked at askance, despite the fact that 
many years before, as early as 1838, Cournot had written his 
brilliant Researches into the Mathematical Principles of the 
Theory of Wealth. This book later greatly stimulated Pro- 
fessor Edgeworth of Oxford and Professor Marshall of Cam- 
bridge, and today is ranked among the economic classics. The 
same may be said of Jevons’ Theory of Political Economy, 
published in 1871. But in 1891, when my own economic studies 
began, even the work of Cournot was almost unknown to econo- 
mists, and that of Jevons was little used. If one will turn the 
pages of the main economic literature of 1891 and earlier, he 
will find practically no formulas and no diagrams. But Walras 
and Pareto in Switzerland and Pantaleoni and Baroni in Italy, 
Edgeworth and Marshall in England, Westergaard and Wick- 
sell in Scandinavia, and a few other students in other countries 
were using and defending the new method. 

When, at the request of Professor Edgeworth, I read a 
slightly mathematical paper on the Mechanics of bimetalism 
before the Economic Section of the British Association for 
the Advancement of Science at Oxford in September, 1893, I 
well remember how, in the discussion of that and other math- 
ematical papers, Professor Edgeworth was, as he expressed it, 
“damped” by the unfriendly criticism of these new methods by 
Professor Sidgwick and others. 

But little by little, the usefulness of mathematics has come to 
be appreciated. Besides the older writers already mentioned 
and Auspitz and Lieben, whose work on price determination of 
1889 was one of my first inspirations, there have gradually 
come into this field many younger writers, among whom may be 
mentioned Professor Henry L. Moore of Columbia University, 
Professor J. H. Rogers of the University of Missouri, Pro- 
fessor C. F. Roos of Cornell University, Professor Griffith C. 
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Evans of Rice Institute, Professor Henry Schultz of the Univ- 
ersity of Chicago, Professor Harold Hotelling of Stanford Uni- 
versity, W. A. Shewhart of the Bell Telephone Laboratories, 
Professors J. Maynard Keynes, A. C. Pigou, and Arthur L. 
Bowley of England, Professors Albert Aftalion and Jacques 
Rueff of France, Professor L. von Bortkiewicz and Dr. Otto 
Kiihne of Germany, Professor W1. Zawadski of Poland, Pro- 
fessor E. Sluts Ky of Russia, Professor Gustav Cassel of Swe- 
den, Professor Ragnar Frisch of Norway, Dr. Willem L. Valk 
of Holland, Professors Corrado Gini and Luigi Amoroso of 
Italy. 

And, besides the fact of such accessions to the ranks of the 
small band of professed mathematical economists, is the even 
more significant fact that economists in general have not only 
ceased decrying mathematics but are, in many cases, making 
some slight use of it themselves. 

The late Professor Marshall of Cambridge University was 
one of the first to perceive what was happening. He said: 

“A great change in the manner of thought has been brought 
about during the present generation by the general adoption of 
semi-mathematical language for expressing the relation be- 
tween small increments of a commodity on the one hand, and on 
the other hand small increments in the aggregate price that 
will be paid for it: and by formally describing these small in- 
crements of price as measuring corresponding small increments 
of pleasure. The former, and by far the more important, step 
was taken by Cournot (Recherches sur les Principes Mathéma- 
tiques dela Théorie des Richesses, 1838); the latter by Dupuit (De 
la mésure d’utilité des travaux publics, in the Annales des Ponts 
et Chaussées, 1844), and by Gossen (Entwickelung der Gesetze des 
menschlichen Verkehrs, 1854). But their work was forgotten; 
part of it was done over again, developed and published almost 
simultaneously by Jevons and by Carl Menger in 1871, and by 
Walras a little later. Jevons almost at once arrested public 
attention by his brilliant lucidity and interesting style..... 

“A training in mathematics is helpful by giving command 
over a marvellously terse and exact language for expressing 
clearly some general relations and some short processes of 
economic reasoning; which can indeed be expressed in ordinary 
language, but not with equal sharpness of outline. And, what is 
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of far greater importance, experience in handling physical prob- 
lems by mathematical methods gives a grasp, that cannot be 
obtained equally well in any other way, of the mutual inter- 
action of economic changes. The direct application of math- 
ematical reasoning to the discovery of economic truths has 
recently rendered great services in the hands of master math- 
ematicians to the study of statistical averages and probabilities 
and in measuring the degree of consilience between correlated 
statistical tables.” 

Mathematics serves economic theory in supplying such fund- 
amental concepts based on the differential calculus and also 
through the process of differentiation solves problems of max- 
ima and minima, as in the simple process of determining for- 
mally what is the price that the traffic will bear in order to make 
profits a maximum. 

The chief realm of economic theory to which mathematical 
analysis of this formal kind applies is that of supply and de- 
mand, the determination of prices, the theoretical effect of taxes 
or tariffs on prices. The results cannot always be reduced to 
figures but are often useful in terms of mere inequalities. 

For instance, among the chief theorems shown mathemati- 
cally by Cournot are the following: 

That a tax on a monopolized article will always raise its 
price, but sometimes by more and sometimes by less than the 
tax itself. 

That a tax on an article under unlimited competition always 
raises its price but by an amount less than the tax itself. 

That a tax proportional to the net income of a producer will 
not affect the price of his product. 

That fixed charges among costs of production do not affect 
price nor do taxes on fixed charges. 

That opening up free trade in a competitive article between 
two previously independent markets may decrease the total 
product. 

Among the most surprising paradoxes discovered by the 
mathematical method is one shown by Edgeworth, that ifa 
monopolist sells two articles, say first and third class railway 
tickets for which the demand is correlated, it may be possible 
to tax the third class tickets, at a fixed amount each, with the 
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result that the monopolist not only pays the tax but lowers 
the prices of both kinds of tickets. 

Familiarity with mathematics will save many confusions of 
thought. For instance, it is just as important in economics to 
distinguish between a high price and a rising price as it is in 
physics to distinguish between velocity and acceleration. Rate 
of price change has important effects, both theoretically and in 
practice, on the rate of interest and on the volume of business. 

Theoretically the rate of interest ought to be higher during a 
period of rising prices, or depreciation of the dollar, by an a- 
mount equal to the rate of depreciation and it ought to be lower 
during appreciation. 

Practically, however, the rate of interest is slow of adjust- 
ment and what is more important, inadequate in adjustment. 
A mathematical statistical analysis of this slowness and inade- 
quacy helps explain great business upheavals as shown in my 
new book on The Theory of Interest. I may say here, parentheti- 
cally, though the case is somewhat different, that the recent 
crash in the stock market was, in large measure, the price paid 
for tardiness in raising the rate of interest which should have 
risen over a year ago but was held down artificially. 

Again, mathematics will save the economic student and the 
student of accounting from the many confusions of double 
counting, especially in the intricate theory of income. 

Another elementary, but important, use of mathematics in 
economics is in making sure that a problem is determinate by 
counting and matching the number of independent equations 
and the number of unknown quantities. A great deal of un- 
necessary misunderstanding has existed and still exists in 
economic science as to what determines the rate of interest or 
other magnitudes in economics. These misunderstandings 
would not exist if the contestants would take the trouble to 
express themselves mathematically. If we view the matter 
mathematically it soon becomes evident that one contestant 
has seen only one of the determining factors, and the other 
another, without either of them realizing that both are com- 
patible and needed in a complete economic equilibrium. The 
concept of economic equilibrium in which many factors act and 
react on each other is one of the chief elementary contributions 
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of mathematics to economic theory, and one stressed by Cour- 
not, Walras, Marshall, Pareto and Edgeworth. 

Still another use of mathematics is in illustrating geometri- 
cally or analytically the fact that a price, or a marginal utility, 
is a function not simply of one but of many variables, the 
function being purely empirical and incapable of analytical or 
arithmetical expression. In fact, the economic world is a 
world of dimensions. 

Thus the marginal utility of bread to John Doe is a function 
of his quantity not only of bread consumed, but of butter, 
sugar, and numerous other variables. 

I have myself tried to apply these and other mathematical 
ideas to the formal solution of the problem of prices of com- 
modities, the rate of interest, the relation of capital to income, 
the purchasing power of money, and what Simon Newcomb, 
the astronomer-economist, called the equation of societary 
circulation, now called the equation of exchange (the volume of 
circulating medium multiplied by its velocity of circulation is 
equal to the price level multiplied by the volume of trade per 
unit of time). 

Most of these and other applications of mathematics to 
economic theory consist in short chains of reasoning. Professor 
Marshall had the impression that oniy short chains of reason- 
ing could ever be expected in mathematical economics. He 
said: “It is obvious that there is no room in economics for long 
trains of deductive reasoning: no economist, not even Ricardo, 
attempted them. It may indeed appear at first sight that the 
contrary is suggested by the frequent use of mathematical 
formulas in economic studies. But on investigation it will be 
found that this suggestion is illusory, except perhaps when a 
pure mathematician uses economic hypotheses for the purpose 
of mathematical diversions; for then his concern is to show the 
potentialities of mathematical methods on the supposition 
that material appropriate to their use had been supplied by 
economic study. He takes no technical responsibility for the 
material and is often unaware how inadequate the material is 
to bear the strains of his powerful machinery.” 

But as time goes on, there appear instances of somewhat 
longer trains of reasoning. 

I may take an example from my own work. I have tried to 
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show how it is possible to estimate numerically, through suitable 
mathematical equations, the velocity of the circulation of 
money. The formula for this was derived through a chain of 
mathematical reasoning requiring several links and embracing 
a considerable number of variables of which the chief are the 
volume of money in circulation, the annual flow of money into 
and out of banks and the annual cash payments to labor. This 
problem, by the way, of evaluating the velocity of circulation 
of money had been pronounced insolvable and, without math- 
ematical analysis, it might well beso considered. Incidentally, 
the calculations indicate that money in the United States cir- 
culates about 25 times a year. In other words, the average 
dollar stays in the same pocket about two weeks. 

To turn to a different example, both Professor Ragnar 
Frisch and myself, by independent methods, both of them 
highly mathematical, have shown how, theoretically under 
certain simple hypotheses, to accomplish the statistical meas- 
urement of “marginal utility” or desirability, as a function of 
one’s income. This would determine whether or not it is true 
that if one man has double the income of another his tax ought 
to be double, more than double, or less than double in order that 
he should make the same sacrifice. In other words, it would 
supply a mathematical criterion by which to judge the justice 
of a progressive income tax. 

I say “would” rather than “does” simply because as yet the 
statistics available do not seem adequate for any accurate 
evaluation. But Professor Frisch and I are both hoping to 
pursue this study further. His and my preliminary results are 
not inconsistent. My own formula is derived by a chain of 
mathematical reasoning which results in expressing the ratio of 
the “marginal utility” of money for a person with a certain in- 
come to the “marginal utility” which he would have with a 
different income in terms of the following elements: those two 
incomes, the percentages which would be spent on food, rent, 
etc., under the two respective incomes and the index numbers 
of prices of food, rent, etc., relatively to another country, serving 
as a standard of comparison. 

Mathematics also helps make clear the “dimensionality” of 
the magnitudes treated. Thus, the quantity of wheat, its price 
and its value are three magnitudes as unlike in dimensionality 
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as time, velocity and distance. The rate of interest has the 
simplest dimensionality, being, like angular velocity, of dimens- 
ion 

Mathematics helps us analyze time relationships in general, 
especially to avoid the old confusion between capital and in- 
come, the one relating to an instant of time, the other to a per- 
iod of time. 

Capital-income analysis is a development of the last two 
score years; but its roots go back generations. Every good 
treatise on algebra includes the formulas for capitalizing annui- 
ties and bonds, the formulas underlying the bond tables used in 
every broker’s office. 

While the development of mathematical economics from the 
theoretical side has been steady and impressive since I was a 
young man, it has by no means been so rapid as the develop- 
ment of the other three branches to which I have referred. 

“Smoothing” statistical data, the fitting of formulas and 
curves to statistics, has, of course, been one of the aims of statis- 
ticians for many generations. In this way we have derived our 
mortality tables, the basis used by actuaries for calculating 
life insurance premiums. 

I understand that the second J. Willard Gibbs lecture was by 
Robert Henderson on Life Insurance as a Social Science and as 
a Mathematical Problem. The importance of this branch of 
our subject does not need to be emphasized in an insurance 
center like DesMoines. 

Actuarial science is, of course, a development of the formulas 
for capitalization or discount, particularly as applied to annui- 
ties, combined with the introduction of the probability element 
based on mortality statistics. It is essentially an analysis of 
interest and risk. It could be, and perhaps some day will be, 
applied to other economic problems besides life insurance, as 
soon as statistics are adequate for assessing risk numerically in 
other realms than human mortality. In fact one of the crying 
needs of economic science is a reliable basis for evaluating risks. 

Concurrently with actuarial science has developed a science 
of mathematics of mortality in relation to population, extending 
at least back to the days of William Farr, Superintendent of 
the statistical department of the Registrar General’s office of 
England half a century ago. Today this science has been fur- 


240 IRVING FISHER [April, 


ther developed by Knibbs of Australia, Lotka, and Glover in the 
United States, and others. 

Recently, with the development of statistics of industry, the 
art of curve fitting, by mathematical methods, has grown very 
rapidly, and examples of it will be found in many current issues 
of statistical journals. I am, myself, with a collaborator, Max 
Sasuly, working on a new method of curve fitting aimed to 
avoid the use of any preconceived formula but letting the 
statistical data themselves write their own formula, so to speak. 

One important phase of curve fitting which links it closely 
with the study of economic theory is the statistical evaluation 
of supply and demand curves. Among those who have worked 
in this field are Professor Henry L. Moore of Columbia Uni- 
versity, Professor Henry Schultz of Chicago University, Dr. 
Mordecai Ezekiel of the United States Department of Agricul- 
ture, Professors G. F. Warren, F. A. Pearson and C. F. Roos of 
Cornell University, and Professor Holbrook Working of Stan- 
ford University. Professor Schultz was apparently the first to 
work out the statistical determination of the effect of the tariff 
on the price of an imported commodity—sugar. 

The third group of mathematical work in the social sciences, 
the development of correlation, is closely associated with the 
name of Kari Pearson of the University of London, who is still 
living. His “correlation coefficient” has become almost a stan- 
dard procedure in economic statistics as well as in other sciences, 
including biology, in which he is primarily engaged. Today 
many, if not most, economists, especially if they work in statis- 
tics, are making some use of such correlation coefficients. 
Through them they have been forced to adopt mathematical 
aids in spite of old traditions and prejudices. 

Professor Warren M. Persons, formerly of Harvard, has 
worked out correlations with lag showing the interrelations of 
various economic phenomena in such a way as to serve the 
purposes of forecasting business conditions. A more elaborate 
method of correlation has been worked out by Karl Karsten of 
New Haven, a private statistician, who has made tables of 
correlation between every pair of available series of economic 
statistics and has put these together by multiple correlation so 
as to predict any one of the series from all of the others which are 
found to serve toward that end. He is now issuing regularly a 
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forecast of commodity prices, of the volume of business, of stock 
market trends, and of various other economic factors. 

In the study of the so-called “business cycle” and forecasting 
future fluctuations, mathematical economists and statisticians 
have made increasing use of what is virtually differentiation or 
integration. Thus I have emphasized “price-change” as dis- 
tinct from price, of which it is the differential quotient. Recip- 
rocally Mr. Karsten has applied the idea of “quadrature” to 
the relations of two statistical series where one is virtually de- 
rivable from the other by integration. This means if the curves 
are cyclical that they are related as are the curves of sines and 
cosines so that one curve is at zero while the other is at a max- 
imum or minimum. 

One development in this field in which I have been especially 
interested has been the study of the distribution of the lag. 
This appears to be a skew distribution, but nearly normal if 
time is plotted on a logarithmic scale. 

As already indicated, risk is one of the fundamental elements 
in the mathematical analysis of actuarial science. It is also, ina 
different way, through frequency distribution, a fundamental 
element in correlation analysis. In fact, there have been more 
or less successful attempts by Karl Pearson to resolve a mortal- 
ity curve into a sum of several frequency curves and by Arne 
Fisher to do the reverse, synthesize a set of frequency curves 
representing mortality from certain causes into the total mor- 
tality curve. It may also be pointed out that our second topic, 
curve fitting and smoothing, whether by least square methods 
or otherwise, is largely a study in probability. 

All this brings us to the fourth chief branch of our subject, 
the mathematical analysis of probability in general insofar as 
this relates to social phenomena as embodied in statistics. This 
has been increasingly studied by many economists, especially 
the late F. Y. Edgeworth, editor of the Economic Journal. 
Also mathematical statisticians such as G. Udny Yule, Arthur 
Bowley, R. A. Fisher, Sir William Beveridge, Truman L. Kelly, 
A. C. Whitaker, William L. Crum, Thiele and others have done 
much constructive work in this field. 

Professor Vilfredo Pareto tried to work out a formula for 
statistics of incomes in relation to the number of persons pos- 
sessing incomes of various sizes, and the Pareto curve has be- 
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come quite famous. It has been shown, however, particularly 
by Professor Macaulay of the National Bureau of Economic 
Research, that the Pareto curve is nothing but the “tail” of a 
probability curve, although Pareto himself had been loath to 
admit this. It is true that this particular sort of probability 
or distribution curve is not “normal” even if the abscissas are 
plotted on a logarithmic scale. It often happens in statistical 
series, especially where the frequency distribution lies between 
zero as one extreme and infinity as the other, that the frequency 
or probability curve while very skew on the arithmetical scale 
turns out to be nearly “normal” on the logarithmic scale. 

I have, of course, by no means exhausted the list of applica- 
tions of mathematics to economics, still less to the other social 
sciences. Many applications have been made which are not 
easily classified under the four heads I have noted, namely, 
pure theory, curve fitting, correlation and probabilities. 

Of these other and miscellaneous applications, the most im- 
portant, at least in the field of economics and statistics, seems 
to be that of index numbers. The theory and practice of index 
numbers have had a special fascination for many of us be- 
cause they occupy a tantalizing position on the borderline 
between a priori rational theory and empirical makeshift and 
because of the many pitfalls encountered in their study. It is 
closely related to the subject of probability. In my book on 
The Making of Index Numbers, 1 have tried to find the best 
formula for an index number out of several score available for- 
mulas. 

It is also true, of course, that the last three divisions of our 
subject, curve fitting, correlation study, and probability, tra- 
verse all fields of knowledge. They apply not only to my own 
branch of the social sciences, economics, but to all others such 
as sociology, anthropology, and education, as well as to fields 
outside of social science such as psychology, biology, hygiene 
and eugenics. In all of these we find a development of math- 
ematical method. Each has its own special concepts, measures, 
and principles such as the cranial index of anthropology, 
the intelligence quotient of psychology and education, the 
Mendelian principle in heredity, and these the mathematician 
may study in terms of averages, index numbers, correlations, 
deviations, frequency distributions and otherwise. Just as the 
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multiplication table is applicable in more than one field of 
knowledge, so mathematics in general is peculiar to none. 
Sooner or later every true science tends to become mathemati- 
cal. The social sciences are simply a little later to be reached 
than astronomy, physics and chemistry, while the biological 
sciences are later still. 

Scientific method is one and the same, whether employed in 
such sciences as Gibbs developed, or in others. Mathematical 
notation is, as Gibbs said, simply a language. It is required 
for the best expression of scientific method when the relations 
to be expressed become sufficiently involved to require it in pref- 
erence to ordinary language which is less precise and complete. 
The outlook is bright for a healthy development of mathe- 
matics in the social sciences. 


YALE UNIVERSITY 
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THE GENERAL THEORY OF FACTORIAL SERIES* 
BY TOMLINSON FORT 


1. Introduction. The subject of this paper is factorial series, 
a class of series which it seems to me are more interesting than 
American mathematicians generally realize and which can be 
made to play a most important part in analysis. 

By a factorial series we shall understand a series of the form 


= (n — 1)! 

(1) co + Q(z), 

where c, is a sequence of constants and z a complex variable. 
The term is sometimes also made to include series in non- 
inverted factorials or the so-called binomial-coefficient series. 
I shall use the term only as applying to series (1) and at times 
to certain generalizations of which I shall speak presently. The 
terms of (1) are not defined when z=0, —1, —2,---. Such 
points will be understood throughout the paper as excepted 
in all theorems, and neighborhoods of them in all theorems 
relating to uniformity. 

We notice the simple form of series (1), and comparison with 
series of negative powers, —1)!2-", immediately 
is suggested. We observe first that the terms of the series of 
negative powers after the first, but for coefficient, come from 
successive differentiations of 1/z. The terms of the factorial 
series come from taking successive differences of 1/z. The 
power series yields itself readily to differentiation and integra- 
tion and certainly a large part of its usefulness in analysis comes 
from this fact. The factorial series (1) is not so readily dif- 
ferentiated or integrated. However, 


n! 


AQ(z) = Q(2 + 1) — Az) = — 


another factorial series of equally simple form, quite a parallel 


* An address read before the Society, at the invitation of the program 
committee, October 26, 1929. 
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to the differentiation of the power series. The application of 
the inverse operator, , is also immediate. We consequently 
expect the factorial series to play an important role in that 
portion of analysis in which these operations are prominent, as 
for example in the theory of difference equations. We next 
notice that, whereas the denominators in the power series are 
successive integral powers of z, in series (1) the successive 
factors in the denominators, with the possible exception of a 
finite number at first, increase in absolute value. Hence, we 
expect series (1) to have certain rapidity of convergence features 
not possessed by the power series. This is in reality true and 
it is a fact that many functions asymptotic to divergent series 
of negative powers or at most obtainable from them by indirect 
summation methods are representable by convergent factorial 
series. It is this that gives to factorial series one of their greatest 
elements of interest. Factorials are asymptotic to exponentials 
and we expect the series to have properties in common with 
Dirichlet series. 

The form of series (1) is simple. This is what makes it 
interesting. Generalizations will come to the mind of everyone. 
Much has been done along this line; sometimes with particular 
purposes in view and sometimes just to generalize. However, 
most of the generalizations have sacrificed not only simplicity 
but some useful property as well. Some generalizations that 
have been made are as follows. These are not necessarily 
fundamentally different but seem different in originating idea. 

I. The series 


w"(n — 1)! 
ik 0 n 
(1) de — 


has been extensively studied by Nérlund.* He has found it 
useful for studying the function represented by a factorial 
series. 

II. Replace the sequence 0, 1, 2,--- by a more general 
sequence, so that (1) becomes 


(2) + 
Cr 


* Acta Mathematica, vol. 37 (1914), pp. 327-87. 
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This series, with various degrees of generality for the sequence 
X,, has been studied by a number of authors among them par- 
ticularly Landau,* Pincherlef and myself.{ 

III. Replace each factor (2+) of the denominator by a 
function S;(z), where 


imate (ad — cb ¥ 0) 
and 
aS 
Sis) = > 1). 
pe ( ) 


This has been done by Carmichael.§ 

IV. Replace the terms of (1) by certain general functions 
so that the series will include both ordinary Dirichlet series 
and factorial series. This was done by me a few years ago in 
the Transactions. 

V. Replace the terms of (1) by a certain general function 
having asymptotic properties in common with the terms of (1). 
This has been done by Carmichael|| in a series of papers. 

VI. Replace the denominators in the terms of (1) by general 
polynomials in z of successively ascending powers. 

This was done at least by Appell** although only secondarily 
as a generalization of factorial series. 

VII. Replace series (1) by series of a general type where the 
functions represented by the series can be represented by 
Laplace’s integral. This has been done by various authorsfT 
over a long period, although not necessarily aiming directly at 


* Miinchener Berichte, vol. 36, pp. 151-218. 
t Palermo Rendiconti, vol. 37, pp. 379-390. 
+ Transactions of this Society, vol. 31, pp. 233-240. For additional 
references see Hilb and Szasz: Encyklopadie, Band II;, Heft 8, pp. 1268-1272. 
§ American Journal of Mathematics, vol. 36 (1914), pp. 267. 
* Transactions of this Society, vol. 23, pp. 26-29. 
| Transactions of this Society, vol. 17 (1916), p. 207. 
American Journal of Matheinatics, vol. 39 (1917), p. 385. 
American Journal of Mathematics, vol. 40 (1918), p. 113. 
American Journal of Mathematics, vol. 42 (1920), p. 76. 
This Bulletin, vol. 23 (1917), p. 407. 
** Bulletin de la Société Mathématique de France, vols. 48, 51. 
+? For example Landau, loc. cit., Nielson, Annales de |’Ecole Normale 
Supérieure, vol. 19 (1902), pp. 409-453; Pincherle, Bologna Rendiconti, vol. 
8 (1904), pp. 5-13; Pincherle, Accademia dei Lincei Rendiconti 1902, pp. 
140-141, etc. 
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factorial series. I mention in particular Widder* who delivered 
a paper before this Society, February, 1928, on this general topic. 

I shall proceed to review briefly the present state of the theory 
of series (1) and (2). 


2. Convergence. For the saving of time, the history of con- 
vergence theorems will not be traced in detail or completeness. 

It is now classic and well known that the region of con- 
vergence of (1) is a half-plane bounded by a line perpendicular 
to the axis of reals. This theorem can be proved in various ways. 
The same theorem holds for (2), if we put the following restric- 
tionst on Bri: B,/a.—0. In case A, ap- 
proaches a limit, the region of convergence of (2) is bounded by 
a circle.f 

Pincherle§ considered (2), not requiring that 8,/a,—0 but 
only that \,|<x<7/2 and that diverge and 

OEY rn |2 converge. He proves that if (2) converges when 
z= it converges at all points z such that |arg (g—2») | 
<2/2— x. He does not argue that this exhausts the region of 
convergence. 

However, as uniform convergence is of paramount interest 
when we consider series, I shall pass to theorems on uniform 
convergence. 

Landau (loc. cit.) proved that (2) with A, real, \,—-+°, 
converges uniformly over any finite region interior to its half- 
plane of convergence. Writing in the Acta Mathematica, 
Norlund (loc. cit.) proved that (1) converges uniformly over 
any half-plane interior to its half-plane of convergence and 
lying to the right of the axis of imaginaries, that is, if (1) con- 
verges when z =x» >0 it converges uniformly when R(z) =xo+4, 
5>0. In his book|| he states this same theorem without proof 
and does not mention the restriction that the half-plane of uni- 
form convergence lie to the right of the axis of imaginaries. The 
method employed by Nérlund in the Acta Mathematica is by 
a transformation which seems particular in character and not 


* This Bulletin, vol. 34 (1928), p. 259. 

t Schnee, Berliner Dissertation, Géttingen, 1908, p. 74 ff. 
t Jensen, Tidsskrift for Mathematik, 1884, p. 63-72. 

§ Palermo Rendiconti, vol. 37 (1914), p. 379. 

|| Differensenrechnung, p. 258. 
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to apply to the more general series (2). Landau proved his 
theorem by a lemma which on account of its great importance 
in the theory of factorial series I shall now state. By means of 
it all known theorems on the convergence of factorial series can 
be proved, as well as the fundamental convergence theorems 
for Dirichlet series, power series, etc. This lemma was proved 
in various forms by Dedekind,* du Bois Reymondf and Cahen.{ 
To avoid repetition it is stated in general form for uniform con- 
vergence. 


LEMMA 1. Hypotheses: (i) an(z) and b,(z) are defined at all 
points of a set R; (ii) >>%_1a,(z) converges uniformly over R; 
(iii) there exists a fixed m and M_ such that |bm(z) | 
|Ab,(z) | <M forallz’s of R. Conclusion: 
converges uniformly over R. 


By means of Lemma1, I have been able to establish more 
general theorems on uniform convergence than were previously 
known. 

In a recent paper,§ I proved the following theorem with 
reference to series (2). 


Restrict as follows. Require that 
> diverge and that converge. Under these 
restrictions, if (2) converges when 2=29=Xo+yot, tt converges 
uniformly over any angular region defined by x2=xo and 
ly —Yo <a(x—xo)", m any positive integer and a any positive 
number. 


Under these same restrictions on \,, Iam now able not only 
to extend Norlund’s theorem of the half-plane of uniform con- 
vergence to series (2), which I was not able to do at that time, 
but to rid the theorem of the unnatural restriction that the half- 
plane of uniform convergence lie wholly to the right of the axis 
of imaginaries. 

Let us suppose the series to converge when 2=29=Xo+Yot. 


* Zahlentheorie, 2d ed., p. 373. 

+ Neue Lehrsatz tiber die Summen unendlicher Reihen, Auftrittsprogramm, 
1870, p. 10. 

t Annales de I’Ecole Normale Supérieure, vol. 8, p. 79. 

§ Transactions of this Society, vol. 31 (1929), p. 233. 
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Let 2; be fixed and such that x: and let 2’ =x’+ 
be a variable, and require that x’2>x;. Let 


a,(3) = Ca 
(Zo + A1) - (20 + An) 
and 
(Zo + - (Zo + An) 
bn (20,2) = 
(gs + --- + Ay) 
We find that 


Ab,(20,2’) 24 + +e) (ait 
Ab, (20,21) Z0 — 21 2! de) (2’ 


but [(zo—2’)/(zo—2:) +1)/(2’+A1)], as a function of 2’, 
remains finite over the half-plane x’2x,;. The expression in 
the bracket is b,(z:, 2’) if the series \1,---, A, be replaced by 
Ae, - ++, Angi. I proved in the Transactions paper just referred 
to that this remains uniformly finite over the region in question 
from which neighborhoods of those points —A2, —As3, - - - which 
lie in it have been removed. Hence, owing to the convergence of 

ie |Ab, (zo, 21) , as also established in my Transactions paper, 
we see that >>%_:|Ad,(zo, 2’) | converges uniformly over the 
half-plane x’=x:._ Moreover, b,(z, 2’) remains finite over this 
half-plane. Hence, by the lemma, (2) converges uniformly over 
the half-plane x=x, and NGrlund’s theorem is extended to this 
more general series. 

This theorem with the theorem quoted from my paper of 
last April seems to settle in a reasonably satisfactory way the 
question of uniform convergence for (1), and (2) with A, re- 
stricted as indicated. It is to be noticed that the last theorem 
does not entirely replace the first. 

The restriction that >>%_1(1/d,) diverge is a natural one, for in 
the contrary case it can be readily proved* that (2) either con- 
verges at all points or diverges at all points. The points —A,, 
—e, - - -are, of course, excepted here as elsewhere in the paper. 

If we do not impose the restriction that 02 -1(Ba/on)? con- 
verge but in its place only require that 8,/a,—0, the best that I 
have been able to do for a region of uniform convergence is 
the result given in my paper of last April, namely, the familiar 
angular region determined by x2%o and ly—yo| Sa(x—Xo). 


* Schnee, loc. cit. 
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3. Summability. The summability according to the Cesaro- 
Hélder method of series (1), that is, the simple factorial series, 
was treated by Bohr.* His method of proof is by a generaliza- 
tion of Lemma 1. He finds that there exists an abscissa of 
summability analogous to the abscissa of convergence and he 
proves the series uniformly summable over any finite region 
within its corresponding half-plane of summability. A some- 
what similar line of attack can be applied to the more general 
series (2) for summability by Riesz weighted means. I proceed 
to do this. 

I define summation by Riesz weighted means as follows. 
Given an and Let and 
Sn and let 


a) i 1 1 1 
Sn = Sn |- 


Tn+1 2 n+1 


If s,“ approaches a limit, that limit will be called the sum of 
order 1 of >>%_, a, by Riesz means weighted according to the 
sequence 1/A,. The method clearly can be iterated to the rth 
order. I treat first only the sum of order 1. To do this I 
generalize Lemma 1. 


LEMMA 2. Hypotheses: (i) a,(z) and b,(z) are defined at all 
potnts of a set R. 
(ii) The sum 


Ont+1 n=0 An+1 n=0 
approaches a limit uniformly over R when n>. 
(iii) The quantity 


1 n 
| bnz2(z) | | Abn+1(2) | | 


| On+1 | n=0 


1 
(3) 
| n=0 | An+1 | 
1 n 1 n 
| Fn+1} n=0 | An+1 | n=0 


remains uniformly finite over R. 


* Géttinger Nachrichten, 1909, p. 247. 


(1) 
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Conclusion: ) eo a,(z)b,(z) is uniformly summable of order 1 
over R by this method. 


This lemma is readily proved if we apply summation by parts 
twice to 
1 | n 
(2). 


n=0 n=0 


It will be applied to series (2), where we again impose the 
restrictions on +%, diverges and 
>>%-1(Bn/an)? converges. I have proved the following theorem 
under these hypotheses. 

If (2) is summable of order 1 at 2o=xo+yot, it is uniformly 
summable of order 1 throughout an angular region defined by 
x=Xo and | y¥—Yo | <m(x—Xxo), where m is any positive constant. 


The principal steps only in the proof will be given. 
We assume xo >0 and a >0 which entails no loss of generality. 
Let bo(z) =1, and when n>0, 


(Zo + Ar) - (20 + An) 


b,(z) = b,(z0,2) = (2 + 1) (2 + An) 


Let ao(z) =co, and when n>0, 


+ a) (Zo + An) 


a,(z) = ¢ 


Substitute in formula (3). We wish to prove that the resulting 
expression remains less than a constant. To show this we take 
the ratio of each summand in (3) to the corresponding summand 
with z replaced by its real part x, and X, replaced by its real 
part and by Tat =) nti (1/an). Each of these ratios 
remains less than a constant. I refer to Preliminary Theorems 
1 and 2 of my own paper (Transactions of this Society, vol. 31 
(1929), p. 233), only remarking that 


= (Z9 — 2)Abns1(20,2). 


Moreover we have 


= 
= 
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1 n 
| bas2(xo,x)| + >| Abai1(Xo, x) | Ta+1 
n=0 
1 = An+2 
+ | x) | Tn+1 
Tn+l 
1 1 
+ Dd | Aang :Abn(x0, x) | 
Tn+1 n=0 n=0 
1 n 
= bn+2( Xo, x) = Abnsi(x0, X)Tn41 
Tn+1 n=0 
1 An+2 
= 
n=0 
1 n 
n=0 
1 1 


Tn+1 n=0 G@n+1 n=0 


when n>0; that is, the &,’s are the coefficients of that series 
(2) for which s® (x9) =1, which is the series for which - 
1 bs 1 


> ak: 


Tn+1 n=0 n=0 


= 
(x) = 1; 


and our theorem follows by Lemma 2. 

There is a half-plane of summability in every way analogous to 
the half-plane of convergence. This theorem follows from the 
preceding as in the corresponding case for convergence. 

The generalization of Lemma 2 to a weighted sum of any fixed 
number of iterations is straightforward. The formulas, however, 
are increasingly complicated. When we come to apply these 
lemmas to factorial series, I find a difficulty in proving that the 
ratio of each summand in 2 and X, to the corresponding sum- 
mand in x and a, remains uniformly finite. I find that I must 
assume in addition to the assumption already made that 
Ansi/An remains finite and that A(Ans:/A,)—0 and that 
x—xX >6>0. I am then able to establish theorems for rth order 
summation by weighted means analogous to those just proved 
for first order summation by weighted means, namely uniform 
summation over an angular region bounded by straight lines 
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from which the half-plane of summation follows. The additional 
assumptions on A, and the assumption (x—xp») >6 are probably 
incident to the method of proof. Lines of summability follow 
immediately. 

It is to be noticed, however, that all these results are more 
general than those of Bohr (loc. cit.) even for the simple series 
(1) which he treats and the Cesaro-Hélder method which he 
uses. He only proves uniform summability over a finite region 
and he retains the restriction x—xy>6. 


4. Equiconvergence Theorems. Landau (loc. cit.) proved in 
his classical memoir that series (1) and the ordinary Dirichlet 
series 


(4) 


where the coefficients are the same, converge at the same points. 
Kluyver* had already proved a similar theorem for absolute 
convergence. 

In the Transactions of this Society for January, 1922, I set up 
the series 

k T(nk) k) 
(5) Cn 7 
nk) 

This series reduces to the ordinary factorial series for k=1 
and has the ordinary Dirichlet series (4) as a limiting series 
when k—. It is found that by placing only slight restriction 
on k we have a wide class of series including the limiting case 
(Dirichlet series) for which the equiconvergence theorem holds. 
That is, (5) converges at the same points for the values of & 
including the limiting case where kR>. 

Pincherle (loc. cit.) proved (2) and 


n 1 
n=1 


Aw 


equiconvergent provided,among other restrictions, ,,- 
converges. In my paper in the Transactions of April, I removed 
all restrictions on except that be convergent 
and proved an equiconvergence theorem for (2) and for the 
series where 


* Nieuw Archiv, (2), vol. 4 (1899), p. 74. 


= 
= 
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2 
n=1 An n=1 re n 


In another theorem in the same paper I proved that, if A, is 
real, A,—> +2 and diverges, then (2) and the 
Dirichlet series, On have the same line 
of convergence. The location of the lines of convergence is now 
given by the familiar formulas for Dirichlet series. 

Equisummability theorems analogous to the above for sum- 
mation by weighted means hold at least if we put the restric- 
tions of §4 on A,. Bohr (loc. cit.) has results for the simple 
factorial series (1) and the ordinary Dirichlet series using the 
Cesaro-Hélder summation method. 


5. Function Represented. The question of the nature of the 
function representable by a class of series and how to obtain 
this representation is one of the most interesting questions in 
the study of series. 

I have already remarked that if Q(z) is the function repre- 
sented by (1), then 


n! 


AQ =— 
In order for the series to be of much use in the study of difference 
equations it is necessary to prove other theorems relative to 
algebraic operations with factorial series and to uniqueness of 
representation in factorial series. These necessary theorems have 
been handled principally by NGérlund (loc. cit.). The uniqueness 
theorem, so important in work of this kind, does not hold for 
the binomial coefficient series, as was shown by Pincherle,* and 
this fact robs that series of much interest which attaches to 
factorial series. It would be interesting to investigate the situ- 
ation as regards these useful theorems for series (2). This does 
not seem to have been done. 

That Q(z) is analytic over a region of uniform convergence is 
immediate. This does not include the point ©, of course, 
which is not within the region of uniform convergence. There 
are poles at each of the points —Ai, —d2, - - -, which lie within 
the region of convergence. The line of convergence differs from 


* Atti, Accademia dei Lincei, Rendiconti, (5), vol. 2, pp. 417-426. 
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the circle of convergence of a power series in that no singular 
point need necessarily lie upon it. As a matter of fact Nérlund 
(loc. cit., p. 374) has shown that if we consider series (1’) there 
is a line, x=/, which is approached by a, the abscissa of con- 
vergence, when w—0. We write a(w). This line is characteristic 
of the function which ceases to be analytic at all points, or at 
least does not remain finite, within the band /—eSx</+€ no 
matter how small ¢>0 may be. 

Norlund has shown (loc. cit., p. 347) that the behavior of 
Q as z—% remaining in the half-plane of convergence is given 
by the following formulas: 


lim Q(z) = ¢o, 

lim = «1, 

lim (z + 1) [22(z) 

lim (2 + 2)[(z + 1) {2Q(z) — a} ] = cs, 


These relations seem to give a proper description of the 
asymptotic behavior of the function. 

Watson* has written a long paper in which his thesis is to 
prove that functions asymptotic to divergent power series in 
the sense of Poincaré, 


ade 
x x” 


can be represented by a convergent factorial series. He succeeds 
in establishing some very general theorems. These theorems 
are a little long in statement and are not given in detail. 

No6rlund (loc. cit., p. 379) proves that functions represented 
by divergent power series of the form 


summed by Borel’s integral definition can be represented by 


convergent factorial series. 
Necessary and sufficient conditions that a function be repre- 


* Palermo Rendiconti, vol. 34 (1912), p. 41. 
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sentable by convergent factorial series have* been obtained. 
They center around Laplace’s integral 


dt. 


6. Difference Equations. With the background of these 
theorems the establishment of a broad theory of analytic solu- 
tions of linear difference equations is no very difficult matter. 
This has been done by Né6rlund in a most excellent way. The 
essential preliminary, however, was the satisfactory theory of 
factorial series. N6érlund’s principal theorem on linear difference 
equations, in a word, is that linear difference equations whose 
coefficients can be developed into factorial series possess a 
fundamental system of analytic solutions which can be expressed 
in terms of factorial series. For exact statement of the theorem 
I refer to his book.{ The results may also be found in his 
papers. This is, so far as I know, really the most important 
application of factorial series. 

Solutions of linear differential equations under certain quite 
general conditions can be written as factorial series,f which 
form has been useful in studying them in the neighborhood of 
singular points. This has not seemed to me, however, as 
interesting or natural as the difference equation results. 


7. Work of Carmichael. I wish now to spend a short while 
discussing in greater detail the work of R. D. Carmichael (loc. 
cit., (2)). The researches of which I wish to speak are embodied 
in a series of papers beginning with the Transactions of this 
Society for 1916 and including three papers in the American 
Journal of Mathematics, and one in the Bulletin of the American 
Mathematical Society. This work is in the nature of a gen- 
eralization but is peculiarly complete. The papers seem to have 
come from the asymptotic notions of Poincaré particularly as 
used by Birkhoff, Carmichael, and others in the study of dif- 
ference equations. Lemma 1 of this paper is abundantly used. 
The author acknowledges his indebtedness to Landau. 


* See Encyklopadie, vol. II-C-1-12, p. 1272; also Nérlund, loc. cit., p. 371. 

+ Differenzenrechnung, Berlin, 1924, p. 365. 

t Horn, Mathematische Annalen, vol. 71, p. 510; H. T. Davis tells me that 
he has found factorial series indispensible in his studies of differential equations 
of infinite order. 
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In Landau’s paper the part of b, of our Lemma 1 is played by 
+ 1) --- (20 — 1) 
1) 


which he shows to be asymptotic to m~“-*), Carmichael sets 
up series for which 


t 
(6) min 4---), 
nN 


It is to be noticed that this is a more general asymptotic form 
for b,. This form is not featured by the author but seems to 
me the central formula of the papers and may have been the 
point of beginning of the research. If so, the problem would 
immediately be to generalize 


(n — 1)! 
+ 1)---(2 +m — 1) 


to forms which yield this asymptotic representation for the 
function 5,. Carmichael assumes a function 


a, de 
g(z) ~ (1 +—+—+--: ) 
2? 


analytic at least when z is in a sector including the axis of reals 
and sufficiently large in absolute value. P(z) and Q(z) are 
polynomials. The establishment of asymptotic form (6) is 
now straightforward. At some points more stringent restric- 
tions are put on g(z). The existence of such functions is readily 
established. Carmichael’s papers concern themselves with 
series of the type >%_0c, g(z-+m) and closely allied forms. The 
theory runs much as would be expected and much like the 
theory of factorial series. There is a half-plane of convergence, 
of absolute convergence, etc. with bounding lines given by 
expected familiar formulas. He does not treat summability of 
the series when divergent. However, Professor Carmichael 
tells me that this has been treated according to the Cesaro- 
Holder method by C. F. Green in a dissertation at the University 
of Illinois which has not been published. Carmichael makes 
considerable progress on the representation of functions by 
such series. He proves theorems showing that functions given 


Fy 
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by asymptotic power series or such series at most summable by 
Borel’s integral method can be represented by convergent 
series of his functions. For exact statements of results I refer 
to Carmichael’s papers. The asymptotic form of the function 
represented by such series is investigated. Again it is what we 
expect from known facts relative to factorial series. Of par- 
ticular significance it seems to me is the author’s definition of 
an asymptotic series using the series of his papers. It is a con- 
siderable generalization of the notion of Poincaré. More re- 
cently Ritt* has defined and studied asymptotic Dirichlet series. 
Carmichael is also led to study series of the type 


Paz - + 2k 
n=1 
the first time, so far as I know, that such series have been studied. 
He greatly restricts his parameters but even then obtains 
interesting results. The series is introduced only for its im- 
mediate use and the author states that he has developed a 
more extensive theory than he publishes. 


8. Conclusion. In conclusion, numerous mathematicians have 
written on factorial and allied series. I regard the work of Né6r- 
lund as most significant. Next that of Landau followed by that 
of Pincherle and Carmichael. One should also surely mention 
Jensen, Bendixon, Nielson and Schnee. There have been other 
writers. No effort has been made to be exhaustive. My apolo- 
gies are offered to those authors whose fine papers are not 
mentioned. Landau did not start the study of factorial series 
nor did he originate many of the theorems. He, however, builds 
a consistent theory, proving all theorems with the utmost rigor 
and writing with his peculiarly clear and elegant style. Nérlund 
takes up Landau’s task and develops a more or less complete 
theory for the simple factorial series and what he proves to be 
its equivalent in many ways, namely series (1’). His interest 
is, probably, primarily in difference equations and his theory of 
factorial series lends itself well to that study. Pincherle adds 
a number of theorems. He is primarily concerned with series 
(2). I have just spoken of Carmichael’s work. 


LEHIGH UNIVERSITY 


* American Journal of Mathematics, vol. 50 (1928), pp. 73-85. 
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HAUSDORFF’S THEOREM CONCERNING 
HERMITIAN FORMS 


BY M. H. STONE 


In 1919, Hausdorff proved an interesting theorem to the 
effect that the complex values assumed by the Hermitian form 


a 
when the complex numbers %1,---,%*, take on all values 
compatible with the relation 


n 

='1, 

a=1 
constitute a convex point set in the complex plane.* In his 
demonstration Hausdorff employs the transformation of 
Hermitian symmetric forms of this type to principal axes. It 
is obvious, therefore, that the extension of this method to more 
general instances is impossible, because the principal axis 
transformation may no longer be available, a situation which 
arises, for instance, in the important case of unbounded forms 
in infinitely many variables. On this account, a proof along less 
special lines is of considerable interest. It is gratifying to 
ascertain that an entirely elementary, explicit, and general 
demonstration of Hausdorff’s theorem can be devised by 
making it depend upon the theorem for binary forms. The 
proof we shall give involves nothing more difficult than 
manipulations of complex numbers and the solution of quadratic 
equations. 

We first indicate what we shall mean, abstractly, by an 
Hermitian bilinear form. Let 7 be a class of elements in which 
the operations + (vector addition) and a- (scalar multiplica- 
tion by an arbitrary complex constant a) are significant and 
possess their customary algebraic properties; let 7 be closed 
under these operations. Such a class may be called a complex 
vector space, its elements complex vectors. A complex-valued 


* Mathematische Zeitschrift, vol. 3 (1919), pp. 314-316. 
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function B(f, g) defined for every pair of elements (f, g) in 7 
is said to be an Hermitian bilinear form if and only if it has the 
following properties: 


B(af,g) = aB(f,g), 

+ fe,g) = Blfi,g) + BUfe,g), 
B(f,ag) = 4B(f,g), 

B(f,g1 + = B(f,g:) + gs). 


Such a form is said to be Hermitian symmetric and positive 
definite if and only if B(f, g) and B(g, f) are conjugate complex 
numbers and the real number B(f, f) is never negative, vanishing 
only when f is the null element or null vector. When B is 
Hermitian symmetric and positive definite, we can establish 
the Cauchy-Schwarz inequality 


| B(f,e)| < [BY 


by the usual considerations. 

We assume that there exist in ¥ two Hermitian bilinear 
forms B, and Bs, the second of which is Hermitian symmetric 
and positive definite. Let W be the set of complex values 
assumed by B,; when B, is required to have the value 1. We 
wish to show that W isa convex set; that is, that, whenever 2 
and z, are in W, the points of the line segment joining them are 
also in W. 

If W contains just one point, there is nothing to prove, so 
that this case may be ruled out. Now, let 2; and z be distinct 
complex numbers in W, and fi and fz elements or vectors in 7 
such that 


= 21, Bilfe,fe) = 22, Belfi,fi) = 1, Bolfe,fe) = 1. 
We consider the binary Hermitian forms 
Aj(%1,%2) = Bylaifi + + x2fe) 
= + Bilfe, + Bilfi, fo) + 
Aol = Bolaifi + xofe,xifi + 
= + Br fe, + Bolfi, fe) + 


We must show that, when Az is restricted to have the value 1, 


| 
| 
| 
| 
| 
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A; takes on all values represented by points of the line segment 
joining 2; and 2. 
It is convenient to introduce a new binary form 


A(%1,%2) = (Ai — 22A2)/(t1 — 22) = £141 + + 


In order that A; should exhibit the requisite behavior, it is 
necessary and sufficient that, while 42=1, A should take on 
all real values from 0 to 1 inclusive. We shall now find values 
for x; and x2 which bring about the desired result. We first 
define a complex number y as follows: y= +1 when 
and y= when the plus or the 
minus sign being chosen in each case so as to render the real 
number 8 = R(yB2(fe, fi)) not negative. We set x1.=x, x2.=vYy, 
where x and y are real variables, and substitute these values in 
the expressions for A and Az, obtaining 


&@= + (di2+ 02) or + — | Gi2 — , 
x? + 2Bxry + y?. 


We observe that 0<6 <1, in view of the inequalities 


| B| = | R(yB2(f2,f1)) | = | | B2(fo, | 
= | B2(fe, fr) | [ Bo(f1,f1) fe, fe) = 1. 
Hence the equation A2=1 can be satisfied by taking y= —6x+ 


[1—(1—?)x?]'/?, and, with this value for y, the form A 
becomes 


a 


Az 


A = (1 — + ax[1 — (1 — 


For x=0, A takes on the value 0, for x =1 the value 1; since A 
is a continuous real-valued function of x, it takes on at least 
once every real value from zero to one when x varies between 
these same values, as we wished to show. 

This completes the demonstration of Hausdorff’s theorem 
that W is a convex set. 


HARVARD UNIVERSITY 
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MATRICES WHOSE CHARACTERISTIC 
EQUATIONS ARE CYCLIC* 


BY T. A. PIERCE 


One of Sylvester’s theoremsf on matrices states that if the 
characteristic equation 


(1) | M = f(s) =0 


of a square matrix M has the roots Ai, A2,---, An, then the 
characteristic equation 


(2) | 6(M) — pI | =g(o) = 0 
of any integral function of M, namely, ¢(J), has the roots 
pi:=(A,;), 7=1, 2, --- ,m. In this note an isomorphism is shown 


to exist between the algebraic and matric roots of (1) when this 
equation is cyclic. Certain consequences of this isomorphism are 
given. Since 


( —b---—k ) 

0 1--- 

| 

0 O--- 1 0) 


is the matrix which has --- +2A+/1=0 as 
its characteristic equation,{ Sylvester’s theorem furnishes a 
method of effecting the Tschirnhaus transformation p=@(A) 
on any equation. When (1) is cyclic an especially interesting 
type of Tschirnhaus transformation is possible. 

Suppose (1) to be a cyclic equation of degree n with the 
relations Ais: =@(A;), 7=1, m and connecting 
its roots. For simplicity of notation let ¢; be the ith iterated 
function of @ so that =(A1) =Gi(A1), As =(Az) = 
=2(A;), and in general By Sylvester’s theorem 
the roots of (2) then are 


* Presented to the Society, December 30, 1929. 

+ Sylvester, Mathematical Papers, vol. 4, p. 133; Frobenius, Journal fiir 
Mathematik, vol. 84, p. 11; Dickson, Algebren und thre Zahlentheorie, p. 18. 

t Wedderburn, Annals of Mathematics, vol. 27 (1926), p. 247. 


= 
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pr = O(A1) = Az, p2 = H(A2) = Az, Pn = O(An) = Angas = 


Thus the roots of (1) and (2) are the same, and M and ¢(M) 
have the same characteristic equation. Similarly, if we form the 
characteristic equation of ¢;(M), we find that its roots are 


pr = = = Pi(Ae) = Pn = = Xi, 


where the subscripts are to be reduced modulo m. Hence we 
have the following theorem. 


THEOREM 1. [If the characteristic equation, f()=0, of the 
matrix M is cyclic with the relations };=@;(M1), 1=1, 2,--- , 
connecting its roots, then the matrices M, o:(M),--- , 
all have the same characteristic equation. 


Applying the Hamilton-Cayley theorem we have the follow- 
ing additional theorem. 


THEOREM 2. Under the conditions of Theorem 1 above f(\) =0 
has tts full complement of matric roots, namely, 
M, bna(M). 
The matric roots of this last theorem may be called conjugate* 
and may be denoted by 


(3) M,, = M, = on—1(M). 


Since these matrices are all functions of one matrix they are 
commutative under multiplication and division, and since the 
same cyclic relations exist among the M’s as among the }’s, 
we have the following theorem. 


THEOREM 3. The field generated by the roots of any cyclic 
equation 1s isomorphic to the field generated by the matric roots of 
this same equation. 


Consider now any integral function of the matrices 


M,,---, My, namely F(M, - -- , M,), and form its character- 
istic equation 

(4) |F(Mi,---, M,) — pI| = 0. 

Now F(M, ---, Mn)=G(M;) by virtue of (3), and hence the 
roots of (4) are by Sylvester’s theorem p;=G(A;),7=1,2,---, m. 
But 


* Taber, American Journal of Mathematics, vol. 13, p. 159. 
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= , Aad, 
and in general we find that 
thus we obtain the theorem which follows: 


THEOREM 4. Let the characteristic equation of M, be cyclic and 
have the roots - - - , An and the corresponding matric roots 
M,, Me,---, Mn. Then, if F(M,, M,) be an integral func- 
tion, the roots of the characteristic equation of F(M,,---, Mz) 
are F(\y,---, Xn) and the quantities obtained from this by per- 
muting dy, Ae, - - - , An cyclically. The matric roots of this equation 
are obtained from F(M,,---, M,) by permuting M,, Mo,---, 
M,, cyclically. Moreover this equation 1s cyclic. 


Thus, for example, if | M,—XJ | =0 is cyclic and has the roots 
Ai, An, the roots of |M,+M2—pI|=0 are 
---, Pn=An+A:. To the first equation the Tschirn- 
haus transformation p=A+@(A) has been applied and this 
transformation affects the roots of the equation in pairs. 

If C,, denotes the mth compound of the matrix M it is known* 
that the roots of the characteristic equation 
(5) — pI| = 0 
are the products m at a time of the roots of |M—dI|=0. If 
the latter is a cyclic equation its roots are all functions of one 
root and the roots of (5) are therefore all functions of this root. 
By the isomorphism of Theorem 3 the roots of (5) correspond 
to matrices all of which are functions of one matrix and hence 
are commutative under multiplication. Moreover by Theorem 
3 these matrices all satisfy (5) so that (5) has its full complement 
of matric roots. These matric roots are, however, in general of 
order different from the degree of (5). 


THE UNIVERSITY OF NEBRASKA 


* Pascal, Repertorium der hiéheren Mathematik, vol. 2, 1910, p. 139; 
Whittaker, Proceedings of the Edinburgh Mathematical Society, vol. 35 
(1916), p. 2. 
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ON THE DIRECT PRODUCT OF A DIVISION 
AND A TOTAL MATRIC ALGEBRA* 


BY F. S. NOWLAN 


This paper establishes certain theorems concerning an algebra 
A which is expressible as the direct product f of a division alge- 
bra D and a total matric algebra M. It is moreover not assumed 
that D and M are subalgebras of A. We let 6 and n? represent 
the orders of D and M respectively. It follows that 6n? is the 
order of A. We represent the modulus of A by be where } and e 
are the respective moduli of D and M. In agreement with the 
usual notation, we write 


e= Deu, 2), 


where ¢;;, = 1, --- , ), are the basal units of M. 

For the proof of Theorem 1, we express the zero elements of 
algebras A, D and M by Z, 24 and 2» respectively. Thereafter 
we employ the symbol 0 without ambiguity. Since the elements 
of Dand M are commutative with each other and a zero element 
of an algebra is unique, we havet Z =2i2m. 


THEOREM 1. If dm=Z, where d and m are any elements of D 
and M, respectively, then either d=24 or M=Zm. 


For, if d#za, it possesses an inverse d“'. It follows that 


bm =d 2m 
Writing 


n 
m= Qj jCij,; 
t,j=1 
we have 
n 
a; ;be:; 


i,j=1 


* Presented to the Society, June 18, 1927. 
+ Dickson, Algebras and their Arithmetics, p. 72. 
t In the proof, let Z=z:2z2, where 2 is in D and z, in M. Then 


= 2122" = 212d" 222m = ZdZm- 


— 
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If mz, there must be some a,,#~0. Multiplying the equation 
above on the left by e,, and on the right by e,,, we obtain 
a,,be,,=Z, whence be,,=Z. Multiplying on the left and right 
by e;, and e,; respectively and summing with respect to 7, we 
obtain 

b> =be= 


where be is the modulus of A. It follows that m=zZm in case 
24. 


THEOREM 2. If dym,=d2zm2, where d, and dz are non-zero 
elements of D, and m, and mz are non-zero elements of M, then 
d,=d-/a and m;=amz2, where a is a scalar. 


For, let 
n n 
i,j=1 t,j=1 


Then by hypothesis, we have 
(i) (ai;d, — a; ;d2)€;; = 0. 
t,j=1 


Since m,0, there is some a,,#0. We multiply (i) on the left 
and right by e,, and e,, respectively, obtaining 


ers = 0. 


From Theorem 1, since e,,#0, we have 


Ors 
d,; = 
Ars 
where a;,~0 since d,#0. Accordingly d,;=d:/a, where 
a=a,,/a},. Hence dym;=d2mz implies di(m;—am2) =0, whence 
m,=amz by Theorem 1. 


THEOREM 3. If dm is idempotent in A, then d=b/a and 
m=am', where ais a scalar and m' is idempotent in M. 


For, from d?m? =dm, we have dm? = bm, on multiplying by d-. 


From Theorem 2, d=b/a and m?=am. Now let m=am’; then 
a? a 
This proves the theorem. 


= 
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THEOREM 4. If e’ and e’’ are any elements of M, then the 
algebra e’Ae"’ is the direct product DXe’ Me"’. 


Since A = DX M, then e’Ae’’=D(e’Me"’), for e’ and e”’ are 
commutative with elements of D. 

Let n’ and n”’ represent the orders of D(e’Me’’) and e’ Me”’ 
respectively. Then* n’ <6n’’, where 4 is the order of D. In case 
e’ Me’’ < M, we can think of the basal units of M as made up of 
n"’ linearly independent elements of the algebra e’Me’’ to- 
gether with certain other n?—1n"’ elements in M. Hence the 
products of these n’’ elements of e’ Me’’ by the basal units of D 
give 5n’’ linearly independent elements of e’Ae’’, since they 
may be considered as certain of the 5n? basal units of A= DX M. 
It follows that n’=6n’’. 

DEFINITION. A set of primitive idempotent elements is said 
to be supplementary in case their sum equals the modulus and 
if further the product of each pair in either order is zero. 


THEOREM 5. Each algebra e;Me; 1s of order 1, where e; and e; 
belong to a supplementary set of primitive idempotent elements. 


For, since every total matric algebra is simple, it follows that 
we may apply the method of §51 of Dickson’s Algebras and their 
Arithmetics with M replacing the algebra A. The modulus 
Sei: of M may be written in the form 


=) 


where the é1, - - - , €m area set of supplementary primitive idem- 
potent elements which include e; and e;. This follows from 
Theorem 3, p. 57 of Dickson’s Algebras and their Arithmetics, 
and the last few lines on p. 49 of the same text. We obtain 
M= -1M i, 

where M;;=e;Me; and where each of the m? algebras M;; is of 
the same order ¢. Finally, we are able to write M=DXM’, 
where M’ is a total matric algebra of order m?. On the other 
hand we may write M=(1)XM. Since the expression of a 
simple algebra as the direct product of a division and a total 
matric algebra is uniquef in the sense of equivalence, it follows 


* Dickson, Algebras and their Arithmetics, §18. 
¢ Dickson, Algebras and their Arithmetics, p. 80. 
t Scorza, Corpi Numerici e Algebre, 1921, pp. 346-352. 
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that M=M’, whence m=n. But M was of order tm?. Ac- 
cordingly ¢=1 is the order of each of the algebras M;;=e;Me;. 


COROLLARY. A supplementary set of primitive idempotent ele- 
ments of a total matric algebra of order n* contains exactly n 
elements. 


THEOREM 6. If e’ is a primitive idempotent element of M, then 
be’ is a primitive idempotent element of A=D XM, and con- 
versely. 


For, consider e’Ae’. From Theorem 4, we have e’Ae’ 
= D Xe’ Me’, where e’ Me’ may be considered as a total matric 
algebra of order 1, whose modulus is e’. We must show that be’ 
is the only idempotent of e’Ae’=be’-A-be’. We note that any 
element of e’Ae’ may be written in the form de’me’, where 
d<=D and m=M. If this element is idempotent, then from 
Theorem 3, replacing A by e’Ae’ and M by e’Me’, we have 
d=b/aand e'me’ =am’, where a is a scalar and m’ is idempotent 
in e’Me’. But e’Me’ contains no idempotent other than e’. 
It follows that de’me’ = be’ is the only idempotent in e’Ae’. 

Conversely, let be’ be a primitive idempotent element of A 
and suppose m is any idempotent of e’ Me’. Then bm is idem- 
potent in 

e’Ae’=DXe' Me’. 
Hence bm = be’, since be’ is primitive in A, and hence 
be’-A -be’ =e'Ae’ 


has the single idempotent be’. From Theorem 1, it follows that 
m=e'. Accordingly e’ is a primitive idempotent of M. 


THE UNIVERSITY OF BRITISH COLUMBIA 
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NOTES ON THE RATIONAL PLANE 
OSCNODAL QUARTIC CURVE* 


BY J. H. NEELLEY 


1. Introduction. In a recent paper, which discussed the co- 
variants of the curve R.‘ with an oscnode, I made the statement 
that the quartic 127(1, 2), where 1 and 2 refer to the base 
quartics (6t)* and (y#)* of the fundamental involution, seemed 
to represent four collinear points of the curve when and only 
when the three nodes were adjacent in such a manner as to form 
an oscnode. In arriving at this conclusion it happened that, 
for each type of the curve examined, I chose as base quartics 
of the fundamental involution at least one catalectic quartic.t 
This accidental choice lead to the statement mentioned above. 
T-he failure of a later attempt to make the regular oscnodal 
invariants vanish under the condition that 122(1, 2) should 
represent a line section of the curve caused the present investiga- 
tion. In this paper, I shall discuss the form 127(1, 2) and 
associated covariants and I shall develop several theorems which 
give new necessary and sufficient conditions for the oscnodal 
singularity. 

2. Certain Conditions. I shall refer the curve to the tangents 
at the two points ‘=0 and t= and the line joining those 
points. This reference scheme assumes evidently that =0 and 
t= are merely any two points of the curve such that the line 
of the curve at either does not pass through the other point. 
So this general reference triangle gives the curve as follows: 


= aol* + bol? + col’, 
(1) {x1 = bil? + cst? + dit, 
= Cot? + dot + 


where neither ao nor e2 can be zero, and in order to avoid some 


* Presented to the Society, December 27, 1929. 

t Neelley, Effects of the oscnode upon covariant forms of the rational plane 
quartic curve, this Bulletin, vol. 35, pp. 571-575. 

t Neelley, Compound singularities of the rational plane quartic curve, 
American Journal of Mathematics, vol. 49 (1927), pp. 389-400. 
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singularity at t=0 or t= © we shall say that neither nor 
shall vanish. This avoids at least a cusp at either point. Then 
we have 


(2) Aobydot* + — 4aodyeot — bodes, 
(yt)* = ao(eyde — Cod1)t* + + 6agdyeot? — cod eo; 
whence the form 122(1, 2) except for the factor aes is 
— + 2(aoced? — aocidide — aobidye2)t 
+ (booed? — dyCodyde — — + 2(agd? eo 
— — — bod? ec. 


Il 


(3) | 


This form and expressions (2) give as the conditions that 
12?(1, 2) =0 be a line section 


(4) B = 2bdobicie2 — bobidide — 2agbidyee 

— + + = O, 
(5) C = + boc es — yee 

— — bocydid2 + boced? = O, 


where we have not written the non-vanishing factor 2aod,e2 for 
each form. 

Recalling that the catalectic sets of the fundamental pencil 
are associated with the nodes in such a way that each set fixes a 
node, let us consider the catalecticant of the form A(Bt)*+y(y2)4. 
Except for the factor a¢’d,e?, it may be written in the form 


(6) Ad? + + Cry? + = 0, 


where A =)bob?e2.—aobidid2, B and C are forms (4) and (5) 
respectively, and Con- 
sideration of conditions (4) and (5) shows that this catalecticant 
becomes 


(7) + = 0 


when 12°(1, 2)=0 is a line section. This gives the theorem: 
If the form 122(1, 2) of the fundamental pencil of the curve Re 
represents a line section, the catalecticant of the fundamental 
quartics reduces to the sum of two cubes. 
The cubic (6) shows that the conditions (4) and (5) are not 
sufficient conditions to make nodes of the curve coincident. 


= 
— 
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But forms A and D are the conditions that the quartics (2) be 
catalectic respectively. So, if we pick as either (6#)* or (yt)4 
one of the catalectic quartics of the fundamental pencil, the 
cubic (6) reduces to a perfect cube when 122(1, 2) =0 is a line 
section. Before stating the theorem this seems to give, let us 
consider the invariants which vanish when the curve has an 
oscnode.* With no loss of generality we assume c;=d.=0 in 
the representation (1) of the curve. Then the forms considered 
become 


(8) { A= bob? es, B= 2dob1d b? coee, 


C = D = Coted? — ad?er, 


except for factors involving do, d:, and é¢2. Obviously the tacnode 
invariant Jj vanishes as the cubic has a triple root. So we need 
only observe the additional oscnodal invariant /,. This becomes 


[24 (27agboced ? d? ) 2B(1449b 1€2 
(9) Cod? — 6a¢ bid,e? 3aob? coe? d? 


= b? C2e2) + C(aoboc? d? = | . 


Therefore A = B= C=Oare sufficient conditions for I, to vanish. 
Relations (8) show that A and C are not independent and 
B=C=0 are sufficient to make J,=0 but they do not make 
I; =0. However, the independence of A and C is assured if we 
take only c:=0 in the equations (1). In this case too we find 
that A= B=C=0 are sufficient to make J, vanish. We may 
now state these results as the following theorem. 


THEOREM 1. [f the fundamental pencil of quartics of the curve 
be so chosen that one of the base quartics is catalectic, then the 
necessary and sufficient condition that the curve have an oscnode 
is that the covariant 12°(1, 2) represent a line section of the curve. 


The appearance of the forms B and C in the catalecticant 
naturally created a suspicion that they might occur in some 
of the forms of the system of the binary quartics (2). And it 
appears that if we operate with (6) upon the Hessian of (yf)* 
and vice versa, the results are respectively 


* Neelley, loc. cit., American Journal of Mathematics, vol. 49, p. 398. 
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(10) 124(1 , He) = ag dye? 124(2,H;) = ag dye? -B. 


These allow us to write the catalecticant cubic (6) in the follow- 
ing manner: 


(11) gsayd* + 124(2, + 124(1,H2)du? + = 0, 


showing that its coefficients are these invariants of the two 
quartics (8t)* and (yt)*. The forms (10) also give the following 
theorem. 


THEOREM 2. The form 127(1, 2) is a line section of the curve 
when each base quartic of the fundamental pencil is apolar to 
the Hessian of the other. And when the proper choice of (Bt) or 
(yt)* is made the curve has an oscnode if the base quartics are each 
apolar to the Hessian of the other and conversely. 


In testing this last theorem for the types of the curve with an 
oscnode we find that having picked for (8#)* a catalectic quartic 
the choice of (y#)* is unrestricted and still each quartic is 
apolar to the Hessian of the other. But this is not true for 
any two quartics of the pencil. Then, on the assumption that 
(8t)* is catalectic, we find that any other member of the pencil 
such as \,(8t)*+y:(yt)* is apolar to the Hessian of (8t)* and 
conversely if 122(1, 2) represents a line section. The converse 
is readily shown when the general representation (1) of the 
curve is used. 

In a previous article* we made the statement that the 
oscnodal cusp requires that each of the self-apolar members of 
the fundamental pencil be apolar to the Hessian of the other 
in addition to the invariant conditions. We find here that this 
is not the whole truth. For we have shown that this is true for 
the base quartics, if one is catalectic, for any type of the curve 
with an oscnode. This apparent inconsistency is at once re- 
moved, however, when we observe that if the oscnode is a cusp 
or a knot one of the self-apolar quartics is also catalectic. The 
situation is as follows. 


THEOREM 3. The curve with an oscnodal cusp has two distinct 
self-apolar members in its fundamental pencil, one of which is 


* Neelley, loc. cit., American Journal of Mathematics, vol. 49 (1927), p. 
398. 
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catalectic, while the knot 1s such that the self-apolar members 
coincide. The knot then has one form representing both of its 
possible self-apolar forms and also its three coincident catalectic 
forms. 


This shows that the previous statement is true but that it is 
a special case of the general situation, derived in this paper, 
for all types of the curve with an oscnode. 


CARNEGIE INSTITUTE OF TECHNOLOGY 


THE TRANSFORMATIONS GENERATED BY AN 
INFINITESIMAL PROJECTIVE 
TRANSFORMATION IN 
FUNCTION SPACE* 


BY I. A. BARNETT 


The problem considered in this note is to determine the 
one-parameter group of finite transformations generated by an 
infinitesimal projective transformation in the space of con- 
tinuous functions. It will be shown that this one-parameter 
group consists entirely of projective transformations of function- 
space in the sense defined by L. L. Dines.f While the problem 
is completely solved in the paper just cited (p. 57), it will be 
seen that the result may be obtained directly without the use 
of the auxiliary formulas developed by Dines in the first part 
of his paper. 

Let the given infinitesimal projective transformation be 
defined by the integro-differential equation 
dg’ (x; t) 

Ot 


— ¢'(x;2) f dy 


with the boundary condition $’(x; 0) =¢(x). It is required to 


* Presented to the Society, April 6, 1928. 
} Projective transformations in function space, Transactions of this 
Society, vol. 20 (1914), p. 45. 
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prove that the unique solution of equation (1), with the given 
boundary condition, has the form 


1 
a(x ;t) + B(x; +f v(x, 9; 
5(t) + e(y ; 
0 


where the functions a, B, y, 6 and € are to be determined in 
terms of X, un, v, and p. 
First introduce new variables by means of the transforma- 


tion* 
(3) = (x; t) = 
For t=0, these become 
(4) = w¢(zx), ®'(x) = 
where 

= O(x;0), w = w(0). 


One readily finds by means of (3) that the single equation 
(1) may be replaced by the pair of equations 


+ w(x) + v(x, y) Ody, 
0 
(1’) ; 
| Ow’ 
= f p(y) ®'(y; ddy, 
ot 0 


with the boundary conditions ®’(x ;0)=®(x), w’(0)=w. 
Likewise, equation (2) goes into the system 


* Kowalewski, Sur une classe de transformations infinitésimales, Comptes 
Rendus, vol. 153 (1911), p. 1452. Kowalewski makes no specific mention of 
the use of homogeneous coordinates in function space, but the method he gives 
for reducing the form of an infinitesimal projective transformation to one 
involving only linear operations is precisely this change of coordinates. In 
a paper published about eleven years later, Dines actually points out how, by 
the introduction of such coordinates, he is able to simplify, to a considerable 
extent, some of the results in his Transactions paper cited above. In this 
last paper, which is entitled A primary classification of projective transforma- 
tion in function space (American Journal of Mathematics, vol. 44 (1925)), 
he suggests the possibility of recasting other results in his Transactions paper. 
The present note does this for §9 of his paper. 
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(2") 


ral) = + 


where ¢ is an arbitrary constant. 
The result of differentiating (2’) with respect to ¢ is 


(x; Oa(x;t OB(x;t 


ot ot (2) 
190 
0 ot 
Ow’ 1 de(y; 06 
ot 0 ot ot 


Substituting (1’) in (5), one finds the relations 


+ p(x) ; 2) +f 2,9) | 


0a(x; OB(x ; t 1 
(6) ba f (x,y; 
0 


ot ot ot 
‘ de(y5t) EO) 


Replacing ®’(x; ¢) and w’(¢) in the left member of (6) by 
their expressions from (2’), the following equations for the 
determination of a, B, y, 6, € are obtained: 


+ )] + (x) 


P(y)dy, 


t) 


+f 
(7) 1 de(y; t) 


&(y)dy, 


wf ay + 0 


0 
+f p(x)y(x, 9; = +f 


O(x)dx. 


| 
(5) y)dy, 
| 
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Now it is easy to see that if 
1 
wA(x) + B(x) (x) + f C(x, y) ®(y)dy 
0 


vanishes identically for all real functions ®(x) and all real 
numbers w, then A(x)=B(x)=C(x, y)=0. Applying this 
result to equations (7), one finds that the required coefficients 
of the projective transformations satisfy the following five 
linear homogeneous integro-differential equations: 


; t) 
; = 5 4) + +f v(x, ; Ady, 
8B (x ; 
= u(x)B(x ; 2), 
at 
dy(x, 952 
+f v(x,2)y(2,y 
06(t) 1 
J p(ya(y ; 
de(x ; t) 


= p(x)B(x ; 2) +f e(y)y(y, x; Ody. 


The initial conditions are 
a(x ;0) = y(x,y;0) = e(x;0) =0; B(x;0) = 6(0) = 1. 


These are the equations (19) obtained by Dines in the paper 
already cited, and, as indicated there, their solution may be 
found as power series in f. 


THE UNIVERSITY OF CINCINNATI 
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INVERSE CORRESPONDENCES IN 
AUTOMORPHISMS OF 
ABELIAN GROUPS* 


BY G. A. MILLER 


The totality of the operators which correspond to their 
inverses in an automorphism of an abelian group G obviously 
constitutes a subgroup of G. It is well known that G cannot 
contain any characteristic operator besides the identity unless 
this operator is of order 2, and that it cannot contain more than 
one characteristic operator of this order. Hence it results that 
whenever G contains any characteristic operator besides the 
identity this operator must appear in every subgroup which is 
composed of all the operators of G which correspond to their 
inverses in a given automorphism of G. We proceed to prove 
that a necessary and sufficient condition that an automorphism 
of G can be established such that all the operators of a given 
subgroup H correspond to their inverses, while no other operator 
of G satisfies this condition, is that H involves all the character- 
istic operators of G. In particular, when G involves no 
characteristic operator besides the identity, it is possible to 
establish an automorphism of G such that all the operators of 
an arbitrary subgroup correspond to their inverses, while no 
other operator of G has this property. 

When G is of order p”, p being a prime number, and of type 
(1, 1, 1, -- - ) it is well known that all of its operators besides 
the identity can be transformed cyclically and that none of its 
subgroups of order p is transformed into itself under such a 
transformation whenever m>1. Moreover, when all the 
operators of G are arranged in co-sets with respect to H, where 
each of the operators of H corresponds to its inverse, then 
either all the operators of a co-set correspond to their inverses 
in the same automorphism or none of these operators has this 
property. Hence the theorem under consideration is obviously 
true when G is of order p” and of type (1, 1, 1, - - - ). Moreover, 
it results from the fact that an abelian group contains only one 


* Presented to the Society, December 30, 1929. 
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Sylow subgroup of a given order that we may confine our 
attention to the case when the order of G is p™ in the proof of 
this theorem. We therefore assume that this condition is 
satisfied and that H is any subgroup of G which involves all 
the characteristic operators of G. If all the operators of G 
which are not in H are included in co-sets of G with respect to 
H, itis clear that these co-sets can be so ordered that each of 
the first k, involves a power of one independent generator of 
G, and none of the remaining ones has this property, while 
each of those of the next ke involves either a power of a second 
independent generator or the product of such a power and a 
power of the first independent generator, and none of the 
remaining ones has this property, etc. 

We may now suppose that an automorphism of G has been 
established in which all the operators of H correspond to their 
inverses. When p>2 it is clear that this automorphism can 
be extended so that no power of the first independent generator 
corresponds to its inverse except its powers which are in H. 
Similarly, no power of the second independent generator except 
its powers contained in H needs to correspond to its inverse in 
such an automorphism. As this process may be continued 
until the operators of G have been exhausted, it results that no 
operator of G except those of H corresponds to its inverse in 
the resulting automorphism. When p=2 and G involves only 
one independent generator of highest order, H must involve 
the operator of order 2 which is a power of this generator, and 
we may evidently proceed as before except that the following 
independent generators are replaced by their products into this 
one when this is used as the first independent generator in 
the given process and the operator of order 2 which is a power 
of such an independent generator is not in the earlier co-sets. 
When this operator is in an earlier co-set no modification is 
necessary. Hence, we have established the following theorem. 


THEOREM 1. A necessary and sufficient condition that the 
operators of a given subgroup of an abelian group may correspond 
to their inverses in an automorphism of this group in which no 
other operator corresponds to its inverse 1s that this subgroup 
involves all the characteristic operators of the group. 


When G is a cyclic group of order p”, m>1, and all the 
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operators of its subgroup of order p* correspond to their in- 
verses, while no other operator has this property, it is very easy 
to see that the order of this automorphism is 2p whenever 
a=m-—1 and p is odd, and that there are p—1 such auto- 
morphisms of G, since each of the remaining operators can 
correspond to its inverse multiplied by an operator of order p 
contained in Gin such an automorphism. When p=2 there is 
only one such automorphism and its order is 2. The latter 
corresponds to the case when every operator of G is trans- 
formed into its 2”-!—1 power. In general, when # is odd the 
automorphisms in which exactly p* operators correspond to 
their inverses, a>0, are of order 2p”~¢, since in the square of 
such an automorphism exactly p* operators correspond to 
themselves. When p=2 and 1<a<m-—1 these automorphisms 
are of order 2”~¢, since in the square of such an automorphism 
exactly 2°+! of the operators correspond to themselves. Hence 
we have established the following theorem. 


THEOREM 2. If exactly p*, a>O, of the operators of a cyclic 
group of order p™ correspond to their inverses in an automorphism 
of this group, then this automorphism is of order 2p™—* whenever 
p is an odd prime number and also when p=2 and m=a. When 
p=2 and 1<a<m this automorphism is of order 2™~*, while 
it may have any order from 1 to 2™-? when a=1. 


By means of this theorem it is easy to determine the order, 
or the possible orders, of the automorphisms of any cyclic 
group G in which the operators of a given subgroup H cor- 
respond to their inverses. If the order of H is divisible by all 
the odd prime factors of the order of G, then the order of each 
of these automorphisms is equal to a power of 2 into the 
largest odd factor of the index of H under G. When the order of 
G is odd this power of 2 is 2, and when the order of H is divisible 
by 4 but not by the highest power of 2 which divides the order 
of G, then this power of 2 is equal to the highest power of 2 
which divides the index of H under G. When the order of H is 
not divisible by some prime factor which divides the order of G, 
then the order of the corresponding automorphisms may be 
the product of the order of any operator in the group of iso- 
morphisms of the Sylow subgroup of G whose order is a power 
of this prime factor and the order as determined above. A 
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necessary and sufficient condition that there is only one 
automorphism in which all the operators of a proper subgroup 
of G correspond to their inverses, while no other operator of G 
has this property, is that this subgroup is of index 2 and involves 
an operator of order 2. 

In order to determine the number of the automorphisms 
whose orders were determined above it may first be noted that 
when the order of G is of the form p” and the order of H is 
p*, a>0, the number of the possible automorphisms is 
p™-*—p™-*-!, since a generator of G must correspond to its 
inverse multiplied by an operator of order p”~* in such an 
automorphism and all such products will obviously give rise 
to such an automorphism. This results also from the following 
theorem. 


THEOREM 3. A necessary and sufficient condition that an auto- 
morphism of the cyclic group of order p™, p being an odd prime 
number, is of order 2p* is that p™~* of its operators correspond to 
their inverses under this automorphism. 


A proof of this theorem results almost directly from the fact 
that the square of such an automorphism is of order p*® and 
hence leaves invariant p”~® of the operators of G. The cor- 
responding theorem when p=2 is somewhat less elegant since 
we have to restrict it by saying that when the operators of 
order 4 in an automorphism of order 2¢ of a cyclic group of 
order 2” correspond to their inverses then exactly 2”~¢ of the 
operators of this cyclic group must correspond to their inverses 
in this automorphism whenever a>1. When a=1 this number 
is either 2”—! or 2™. 

Since all the commutators which arise from an automorphism 
of order 2 of any group whatever correspond to their inverses 
under this automorphism, it results that in every automorphism 
of order 2 of an abelian group the number of the operators which 
correspond to their inverses is a divisor of the product of the 
order of the group K generated by the operators of order 2 
which correspond to themselves under this automorphism and 
the order of the corresponding commutator subgroup. It is 
also a multiple of the order of K and the order of the quotient 
group of this commutator subgroup with respect to its cross-cut 
with the subgroup composed of the operators which correspond 
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to themselves under this automorphism. Moreover, it is possible 
to construct a group of order 2”, where m is any given number, 
which admits an automorphism of order 2 in which the number 
of inverse correspondences is an arbitrary number which 
satisfies these two conditions and the order of K is any divisor 
of 2™. In particular, the number of inverse correspondences under 
an automorphism of order 2 of any abelian group of odd order is 
always equal to the order of the corresponding commutator sub- 
group. In fact, in an automorphism of order 2 of any group 
whatsoever of odd order a necessary and sufficient condition 
that an operator corresponds to its inverse is that it is a com- 
mutator under this automorphism, but these commutators 
do not necessarily constitute a group when the given group of 
odd order is non-abelian. 


THE UNIVERSITY OF ILLINOIS 


THE FOURTH POSTULATES OF 
RIESZ AND HAUSDORFF* 


BY ORRIN FRINK JR. 


A question which has remained unanswered for some time is 
whether every space which satisfies the four postulates of Riesz 
for points of accumulation and the additional postulate that 
every derived set is closed, is necessarily a Hausdorff space. 
A paper on this subject was recently presented to the American 
Mathematical Society.t{ I have succeeded in constructing an 
example, given below, which shows that the answer is in the 
negative. 

A good discussion of the two postulate systems of Riesz and 
Hausdorff may be found in Fréchet’s recent Borel monograph, 
Les Espaces Abstraits. Although Hausdorff’s postulates are 
in terms of neighborhoods and those of Riesz concern the ac- 
cumulation points directly, there is almost a complete parallel- 
ism between them, provided we add to Riesz’s four, as Fréchet 
does, a fifth postulate that every derived set is closed. The only 


* Presented to the Society, December 27, 1929. 
¢t R. G. Putnam, this Bulletin, vol. 35 (1929), p. 442. 
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uncertainty is caused by the fact that Hausdorff’s fourth 
postulate is apparently slightly stronger than Riesz’s number 
four. The postulates of Riesz are as follows: 

1. Every point of accumulation of a set E is a point of ac- 
cumulation of every set which includes E as a subset. 

2. Every point of accumulation of the sum of two sets is a 
point of accumulation of at least one of the two sets. 

3. A-set consisting of a single point has no points of accumula- 
tion. 

4. Every point of accumulation of a set E is determined by 
the knowledge of all the subsets of E of which this point is a 
point of accumulation. 

Postulate 4 is interpreted as meaning that if a and 6b are two 
distinct points of accumulation of a set E, there exists at least 
one subset of E of which one of the points a and b, and one 
alone, is a point of accumulation. 

The fourth postulate of Hausdorff requires that if x and y 
are any two distinct points, there exist neighborhoods U, and 
V, of x and y respectively, which have no points in common. 

The example is a space consisting of : 

I. All points of the XY plane with positive x and ‘y co- 
ordinates. A neighborhood of such a point is defined as usual 
to consist of the points inside a circle with the point as center 
and with any radius small enough so that only points with 
positive x and y coordinates are included. 

II. The point O (the origin). A neighborhood of O is defined 
to be a quarter circle consisting of O and all points with positive 
x and y coordinates lying inside a circle with O as center. 

III. The point P. This point is given abstractly and may be 
thought of as replacing all positive points of the x-axis. A 
neighborhood of P by definition is to consist of P and all points 
lying beneath some curve y=f(x), where f(x) is a continuous, 
single valued, everywhere positive function defined for all 
positive values of x. The points O and P are not contained in 
any neighborhoods but their own. 

From this definition it follows that O is an accumulation 
point of a set when and only when the set contains a sequence 
of points converging in the ordinary sense to O, and P is an 
accumulation point of a set when and only when the set contains 
a sequence of points converging in the ordinary sense to some 
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positive point of the X-axis (which isn’t there, of course, in 
our space). A sequence of points converging to O, however, 
cannot have P for an accumulation point. For we can select 
our curve y=f(x) in such a way that all points of the sequence 
other than P lie above it. 

This space satisfies all the postulates of Riesz when accumula- 
tion points have been defined as usual in terms of neighborhoods. 
Postulate 1 is satisfied in every neighborhood space. Postulate 
2 follows from the fact that given any two neighborhoods of a 
point there is a third neighborhood contained in them both. 
Postulate 3 follows from the fact that given any two points there 
is a neighborhood of one of them that does not contain the other, 
and conversely. Riesz’s postulate 4 is also satisfied. This re- 
quires that we be able to distinguish between two accumulation 
points of a set by finding a subset of which one is an accumula- 
tion point and the other not. If neither of these two points is 
O or P, we obviously have this property, since our space is 
cartesian if we omit O and P. In fact, any set of which a given 
point is an accumulation point has a subset of which this point 
is the unique accumulation point. But even if one of the points 
is O or P, we have seen above that if either of these two points 
is an accumulation point of a set M, it is the unique accumula- 
tion point of a sequence of points picked out of M. The fifth 
postulate, that every derived set is closed, follows from the 
fact that our neighborhoods are open sets. 

However, Hausdorff’s fourth postulate is not satisfied. For 
every neighborhood of O has points in common with every 
neighborhood of P. Furthermore, this will be true if we replace 
our definition of neighborhoods by any equivalent definition 
(equivalent in the sense of leading to the same definition of 
accumulation points). For every new neighborhood would have 
to contain an old neighborhood as a subset. The essential 
feature of this example is then that although all neighborhoods 
of O and P have points in common, we can always distinguish 
between O and P as accumulation points of a set by finding a 
subset of which one is an accumulation point but not the other. 
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ON THE REPRESENTATION OF ANALYTIC 
FUNCTIONS OF SEVERAL VARIABLES 
AS INFINITE PRODUCTS* 


BY J. M. FELD AND P. NEWMAN 


1. Introduction. In a paper by J. F. Ritt soon to appear in 
the Mathematische Zeitschrift, he proves that any function 
f(z), analytic, and equal to unity at z=0, can be represented in 
one and only one way as an infinite product [];(1+¢,2"), 
which converges absolutely for lz | <1/(6R), where R is the least 
upper bound of the infinite sequence |b,|, |be|!/2,---, 
|1/*,--- and is the coefficient of in the Taylor 
expansion of f’(z)/f(z). 

The object of this paper is to extend this result to functions 
of two variables. The first part will be concerned with a 
demonstration that an analytic function f(x, y) =1+) bmax™y" 
can be uniquely represented as an absolutely convergent infinite 
product [](1+@max”y") with constant a’s. The second part 
will consider the representation of f(x, y) in the form II; (1 +P,) 
where P,, is a homogeneous polynomial in x and y of degree n. 
Although the proof in each case is carried out for two variables, 
it will be evident how to extend it to functions of any number of 
variables. It should be noted, however, that the analytic 
functions considered in this paper constitute a restricted class 
of such functions, namely, those which equal unity at the origin. 
For one variable the corresponding assumption is not an 
essentially restrictive one. 


2. THEOREM 1. If f(x, y) is analytic and equal to unity at 
(0, 0), then in the neighborhood of (0,0) it admits a unique 
representation as an absolutely convergent infinite product 

f(x,y) = + 
with constant Amn- 

Let the Taylor’s expansion of f(x, y) at (0, 0) be 1+) dmax™y". 

Since f(0, 0) =1 there is a neighborhood about (0, 0) for which 


* Presented to the Society, October 26, 1929. 
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log f(x, y) will be represented by an absolutely convergent 
expansion >,Cn.x"y". By Lemaire’s generalization of a theorem 
of Cauchy (Bulletin des Sciences Mathématiques, 1896, p. 286), 
the set |Cnn|!/‘"+™ is bounded; we denote the least upper 
bound by r. 

Assuming the product expansion and taking logarithms, we 
find 

mayn\ p 
mn p 

We denote the common divisors of a fixed pair of m and n by 
do=1, d;,---,d:;=D, where D is the greatest common 
divisor. Observing that 


? 
d; d; 


we find for the coefficient of x”y" in the second member of (1), 


1 


i=0 


Equating coefficients of xy", we have 
1 

(2) Cmn = + 
i 


If neither m nor 7 is zero, then (2) will not involve any a with 
a zero subscript. This is also evident from the consideration 
that a zero subscript represents a term in the product of the 
form (1+4d9,y”) which could not give rise to a term containing 
x when expanded in a logarithmic series. It follows from our 
hypothesis that the subscripts 0 0 never occur. 

When or 7 is unity, (2) reduces to 


(3) = 
From (2) we get 
| 
(4) | Oman | = + > di .n/di | 
1 4 
If (1/d;) |@md, n/a, |e is the greatest of the terms following 


Cmn in (4), then since the number of common divisors cannot 
exceed D/2, we obtain 


= 
— 
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D 
(5) | < | Can + dy | 


There are two possibilities to be considered in (5); (A) if the 
second term on the right of (4) is less than or equal to the first, 
then Jama {!/(™+") <2r, otherwise, (B) 


Since D!/(™+") < we find from (B) 


(6) ann | < DYUP| | 
We can repeat the reasoning of (A) and (B) employing 
g p 
| | de/(mtn) — | | 1/(m/detn/dk) 


If (B) holds again, the inequality of the type (6) will now involve 
the highest common divisor of m/d;, n/di, say D,. Since 
d.#~1, D=2D;. Repeating the process until we come to an “a” 
for which (A) holds, we have from (A) and (6) 


(7) | | L/(mtm) < . 

The D’s area decreasing sequence, D;,:<2D;, which at the worst 
will end at D,;=2. This is seen readily from (3), (5), and con- 
dition (A). 

From (7), we find 
1 1 
log | dmn | < — log D + — log D, + - - - + log 2r. 
D dD, 2 


We consider first the case D,~3, and since D;,:52D;, we have 


| 
log | amn| < log2r+ >> 2* = log 2r + log 4 
1 


= log 8r. 
When D, = 3, 
= 1 
log | dmn| < log 2r + log (3-2*) 
1 4 2 
= log 2r + —(log 3 = 4+ — 
g 7 (lee 


2 1 


= 
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In any case, 
| t/(mta) < 8r. 


By Lemaire’s theorem, the associated power series doamnaX mye 
is absolutely convergent for the associated regions whose radii 
are given by |p| |p’| <1/(8r) and therefore in any such pair of 
regions f(x, y) will be represented by the absolutely convergent 
product [](1+tamax”"y"). From the form of the recursion 
formula it follows at once that the representation is unique. 
The theorem can be extended to any number of variables by a 
similar proof. 


3. THEOREM 2. If f(x, y) is analytic in the neighborhood of 
the origin and if f(0, 0) =1, there exists a region |x| Sp, | y | <p 
in which f(x, y) can be represented in one and only one way as an 
absolutely convergent infinite product [[{(1+Q,), where Q, is a 
homogeneous polynomial in x and y of degree n. 


Let the Taylor expansion of f(x, y) at (0,0) be written in 
the form 


(8) flz,y) =14 Pit Pat---+Pat---, 


where P,, is a homogeneous polynomial in x and y of degree n. 
Then there exists a p; such that (1) converges absolutely for 
|x|<pi and |y|<p:. The function of x, y and #, f(xt, yt) is 
analytic for x, y and ¢ small and has the expansion 


f (xt, yt) =1 at”. 


For small values of x, y and ¢, log f(xt, yt) is analytic and has an 
expansion 


(9) log yt) = At + As 

where A,, is a homogeneous polynomial in x and y of degree n, 
and where the set of functions |A, |t/m has an upper bound. 
Let r be the least upper bound of this set in the region in which 


(9) holds. 
Setting 


(10) 1+ = Tt +00"), 


we obtain Pi=Q:, P2=Qe2, Ps =Q3+Q1Qe2, etc., and it is evident 


= 


288 J. M. FELD AND P. NEWMAN {April, 


that we can solve for all the Q’s by means of recursion formulas, 
and that Q, is homogeneous in x and y of degree n. Taking 
logarithms of both members of (10) and equating like powers of 
t, we get 


1 
dy n 
where d; is an integral divisor of n. Therefore 
n < A, + 
| 4a] + =| 
where 
1 
ni D, 
is the greatest of the terms 
7, » (d&> 1). 


By a procedure like that used in the proof of Theorem 1, we 
arrive at the inequality 


| Qn | < . . . 


We therefore have, as in the preceding case, |Q,|'/" <8r. Thus 
there exists a p2 such that >> |Q,|¢" converges for |x| <p, 
ly | <1/(8r). Therefore [](1+@Q,¢") must converge 
absolutely in this region. Since 


f(at, yt) = TI [1 + Qn(xt, 
we have the result that 
f(x,y) = TI + Qn) 
in the region |x | Sp=p2/(8r), ly | <p=p:2/(8r). 


UNIVERSITY 


| 
— 
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ON THE NATURE OF 6 IN THE MEAN-VALUE 
THEOREM OF THE DIFFERENTIAL 
CALCULUS* 


BY GANESH PRASAD 


1. Introduction. If f(x) is a single-valued function which is 
finite and continuous in an interval (a, b), the ends being in- 
cluded, than the relation 


(M) f(xth) =f(x) 0<6<1, 


holds for every value of x and h for which the interval (x, x +h) 
is in the interval (a, b); provided that either f’(x) exists at every 
point inside the interval (a, b) or a certain less restrictive con- 
ditionf is satisfied. In recent years the nature of @ has been 
studied by a number of writersf who start with the assumption 
that f’’(x) exists everywhere in the interval (a, b). The two 
theorems, which it is the object of this paper to formulate and 
prove, are believed to be new and hold even if f’’(x) does not 
exist everywhere. For the sake of clarity and fixity of ideas, I 
consider @ only as a function of h, assuming x to be a constant, 
say 0, in the theorem (M). 


2. THEOREM I. Jf 0(h) is single-valued and continuous, it 1s 
not necessarily differentiable for every value of h. 


Proor. Take f(x) to be the indefinite integral of a monotone, 
increasing and continuous function which has a differential 
coefficient everywhere in the interval (a, b), excepting the points 


* Presented to the Society, February 25, 1928. 

t The condition of W. H. Young and G. C. Young, Quarterly Journal of 
Mathematics, vol. 40 (1909), p. 1; Hobson’s Theory of Functions of a Real 
Variable, vol. 1, 3d edition, 1927, p. 384; or the still less restrictive condition 
of A. N. Singh, Bulletin of the Calcutta Mathematical Society, vol. 19 (1928), 
p. 43. 

~ R. Rothe (Mathematische Zeitschrift, vol. 9 (1921), p. 300; Téhoku 
Mathematical Journal, vol. 29 (1928), p. 145); T. Hayashi (Science Reports of 
the Téhoku Imperial University, (1), vol. 13 (1925), p. 385); O. Szasz (Mathe- 
matische Zeitschrift, vol. 25 (1926), p. 116). 
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of an everywhere dense set. Such a function is that given by 
T. Broden.* Denoting Broden’s function by w, let 


f w(i)dt, 
0 


and let the everywhere dense set be denoted by S; also let & 
stand for h@. Then it is easily seen that £ is a single-valued and 
continuous function of h, and that, corresponding to each value 
of £, there is a value of h and only one value. Now (M) gives 


= hf'(&) = hw(é), 


whatever h may be. 
Therefore, as f’(h) exists, 
(E hati (é) 
,hw , thatis, w(é) +h 


must exist for every value of h. Thus, at any point h=h’ which 
corresponds to a point &=&’ of S, d&/dh and, consequently, 
d6/dh must be ron-existent; otherwise w’(£’) will exist which is 
impossible. 

Therefore it is proved that, for every value of h corresponding 
to which £ is a point of S, d6/dh is non-existent. 


3. THEOREM II. Jf 0(h) is single-valued, it is necessarily con- 
tinuous for every value of h. 


Proor. Assume, if possible, that 4 is a point of discontinuity 
of 6(h). Then, denoting the corresponding values of £ and @ by 
£ and @ respectively, we have by (M) 

f(h) = hf'(é). 
Now two possibilities arise: the discontinuity may be of the 
first kind or of the second kind. 

(a) If the discontinuity is of the first kind, then there must 
be a sequence }h,}, tending to h, for which the corresponding 
sequence } £, | does not tend to £ but to £’ different from . Thus 


=f). 


* Journal fiir Mathematik, vol. 118, p. 27; Hobson’s Theory of Functions 
of a Real Variable, vol. 1, 1927, p. 389. 


= 
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So, for the same value of h, namely, #, there are two values of 8, 
namely, 8 and 6’, which is absurd, since @ is single-valued. 

(b) If the discontinuity is of the second kind, then there 
must be a sequence {h,}, tending to #, for which the corre- 
sponding sequence {é,} does not tend to any limit. Therefore 
two values k; and ke of h can always be found as near as we 
please to % such that the corresponding values 9; and 72 of £ 
differ from each other by a quantity greater than a suitably 
prescribed positive quantity 6. But, from (M), f(2)/h and, con- 
sequently, f’(£) are continuous functions of f at h. Therefore & 
must be multiple-valued at h, which is absurd, since @ is single- 
valued. 


THE UNIVERSITY OF CALCUTTA 


A NUMERICAL FUNCTION APPLIED 
TO CYCLOTOMY 


BY EMMA T. LEHMER 


A function ¢2(”) giving the number of pairs of consecutive 
integers each less than m and prime to m, was considered first 
by Schemmel.* In applying this function to the enumeration 
of magic squares, D. N. Lehmerf has shown that if one replaces 
consecutive pairs by pairs of integers having a fixed difference 
\ prime to m =][i-1p;"', then the number of such pairs (mod 7) 
whose elements are both prime to 7 is also given by 


t 
o2(n) — 2). 

| 
As is the case for Euler’s totient function ¢(7), the function 
obviously enjoys the multiplicative property 
=go(mn), (m,n)=1, @2(1)=1. In what follows we call an 
integer simple if it contains no square factor >1. For a simple 
number 7 we have the following analog of Gauss’ theorem: 
(1) = 9(n), 


bin 


* Journal fiir Mathematik, vol. 70 (1869), pp. 191-2. 
{ Transactions of this Society, vol. 31 (1929), pp. 538-9. 


= 
= 
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where 1 is simple and where the summation extends over all 
the divisors of n.* Using Dedekind’s inversion formula, we can 
write 
(2) = o2(n), 
bin 
where is simple and where u() is Merten’s inversion function.* 
It is the purpose of this note to develop another property of 
¢2(n), true only for simple numbers, and apply it to the evalua- 
tion of the discriminants and resultants of cyclotomic equations. 
Let {d,} denote the set of numbers less than m and prime to 
n, and let \ be any number of this set. Then it follows at once 
from D. N. Lehmer’s result, that there are ¢2(m) numbers prime 
to n in the set {A+),}. Let us inquire how many numbers in 
the set {A+A;} have with » a greatest common divisor A. 


THEOREM 1. Jf A ts a divisor of the simple number n, and tf X 
is any fixed number prime to n, and if X.(k=1, 2,--- , o(n)) 
runs over a complete set of numbers <n and prime to n, then there 
are o2(n/A) multiples of A prime to n/A in the set {h+)z}. 


Proor. Let n=AJ]'-1p;. Instead of the set {Ax} consider 
the set 


(1) 
The set 
(II) 


taken modulo 2, is the set (1) in some order. In the set (II) 
there are n/A multiples of A, ¢(n/A) of which are prime to 
n/A. But this result applies to the set (II) instead of the 
desired set }A+A,}. We must therefore exclude those multiples 
of A from the set (II) which have arisen from the addition of \ 
to those numbers of the set (I) which do not belong to the set 
}Acj- It is clear that none of the ¢(m/A) multiples of A 
mentioned above were obtained by adding \ to numbers not 
prime to A. We have then to exclude only multiples of A 
obtained by adding \ to numbers not prime to [[‘-1i. 

In (I) there are n/p, multiples of p,. Adding X to each of 
these, we obtain a subset (II,) of (II), 


* Dickson, History of the Theory of Numbers, Chap. 19. 
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Taken modulo n/p,, the set (II,) is a complete set of incongruent 
residues. Hence in this set there are (n/p,)A multiples of A, not 
all of which, however, are prime to ”/A. In fact in the set (II,) 
there are n/(p,Ap,) multiples of p:, 1/(p,Ap2) multiples of 
etc. to be excluded. But this excludes twice the multiples of 
Pipe, Pips, - ~~ , etc. These have to be restored once. By the 
well known principle of cross-classification, we find that the 
number of multiples of A prime to 7/A in the set (II,) is 


n n n n 
= > of ). 
pA pAPip; pA 
As v runs from 1 to h, we get subsets (II,), (IIz), - -- , 
of the set (II). The total amount we must subtract, at this 
stage, from ¢(n/A) to allow for numbers in the set (I) not prime 


to n is 
> ( n ) 
v=1 pA 


But again this excludes twice those multiples of A in the set (II) 
which correspond to multiples of pipe, pips, - - - , in the set (I). 
These multiples must be restored once and, using once more the 
principle of cross-classification, we find that the number of 
multiples of A prime to 1/A in the set {A+A;x} is given by 


n n 
= — }u(6) = 6(~), 
o( Aé A 


by (2). Hence the theorem is proved. 

The preceding theorem is not true for non-simple numbers. 
The corresponding theorem for Euler’s ¢() states that the num- 
ber of numbers m <n such that (m, n) =A, is ¢(”/A). This is 
true for all . The simple proof of this theorem cannot be 
extended to Theorem 1. 

It is important to notice that the result of Theorem 1 is 
independent of the choice of X. As A runs over all the numbers 
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in the set {Ax} one obtains a matrix +A,]| in which 
by Theorem 1 there are ¢(”) ¢2(n/A) multiples of A prime to 
n/A. 

The above result furnishes a ready method of obtaining the 
explicit formula for the discriminant* of the cyclotomic equation 
Q,.(x) =0, whose roots are the primitive mth roots of unity with- 
out repetition, for a simple number. The following lemma 
will enable us to obtain the discriminant for a general n. 


LemMA. If f(x) =g(x™) is a polynomial of degree k in x™, and 
if the discriminant of g(x) is D,, then the discriminant of f(x) is 


D,;= a,2-m™*D*, 
where a; is the constant term of g(x). 


Proor. Let p;(i=1, 2,---,%) be the roots of g(x) =0, and 
let one of the values of p;!/” be 0;. Then all the roots of f(x) =0 
are given by 6’, where ¢ is a primitive mth root of unity and 
7=1,2,---,m. Then the discriminant of f(x) can be written 


m k 
D;= JI — 67)?- TT [[@e — 
i<jsk r,v=1 i=1 r<vSm 
The first product is 


m 


i<jSk v=l i<jSk 


i<jsk 


For the second product we have 


k k 
Moe = Ie - 
i=l 


i=1 


The product 


— «)? 


r<vSm 


* Rados, Journal fiir Mathematik, vol. 131 (1906), pp. 49-55, has calculated 
the discriminant using the derivative definition. The reduction to a simple 
number would have simplified his proof considerably. 
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is the discriminant of x”—1, which is known to be m™. Hence 
the lemma follows at once. 

We shall proceed to find the discriminant of Q, for n a simple 
number. 


THEOREM 2. If n is simple, the discriminant of Q,(x) =0 is 
given by 


t 
i=1 


Proor. Since the roots of Q,(x) =0 are e?7**/" we have 


AE<Am 
= [TJ e274!" Il (i- itm! n) 


The first product is unity, since Q,(0)=1. To evaluate the 
second product we observe that there is a one to one cor- 
respondence between the numbers {Xm—Ax} (mod nm) and the 
elements of the matrix discussed above. The condition \,,~); 
excludes from the matrix all the multiples of . For a divisor A 
of n, the factors of the second product may be grouped into 
sets of @(n/A) elements each, in which \,,—Ax runs over all 
the numbers prime to n/A. By Theorem 1 there are 
=o(A)d2(n/A) such sets for each A<n. 
Hence 
Du = (= 
Ayn 
It is known* that Q,(1) is p or 1 according as m is a power of a 
prime /, or not. Accordingly we have 
t 


Dy = (— , 


i=1 


which is the theorem. 


*N. Trudi, Atti Accademia Napoli, vol. 3 (1866-8), pp. 20-29; Netto, 
Vorlesungen tiber Algebra, vol. 1, p. 357. 
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To get the discriminant for a general m we make use of the 
relation* 


(3) On(x) = Qn,(x™), 


where 2=nom, and mp is the largest simple factor of n. Hence 
applying our lemma with k =@(mo) and a, =1, we have 


t 
b> Se) ( 1) m@ (ng) m@ (ng) Il P; m@ P53) 


i=1 


But, since and m(no) 
=(n), the discriminant can be written in the following general 
form: 


D, = [pe : 
Pe! 


i=1 
We shall next consider the resultant R»,, of any Qm and Qn. 


First let m and n be simple numbers (m¥n). Then we have 


THEOREM 3. Jf m, n are simple numbers,tand m<n, then 


if n/m = 
Ran = 4 

\1, if n/m ¥ p, 
where pis a prime. 


Proor. Let (m, n)=d, and m=mjd, n=n,d. Then if X and 
\’ run over numbers prime to m and 1, respectively, we have 


The product is equal to 1. The fractions occurring 
in the last product may be written (A’m,—Xm)/(mmd). The 
numerators are all prime to m,n; but may not be prime to d. 
Modulo d, the numbers A’m and Xu run, respectively, (mm) and 
o(m;) times over the complete set of numbers prime to d. If 
6 is any divisor of d, then by Theorem 1, there are 


* Trudi, Annali di Matematica, (2), vol. 2 (1868-9), pp. 160-2; Netto, 
loc. cit. 


+ Ri2=—R.,=2. For all other values of m, n, Rnn=Rn.m. 


n? (n) 
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o(m;)(m1)(d)o2(d/6) multiples of 6 prime to d/é in the set 
Hence 


Rann = (1) 


But, by Trudi’s theorem quoted above concerning Q(1), the 
factors of the above product are equal to unity for 6<d. For 
dm,n,/6 cannot be a prime. Hence 

Again, by Trudi’s theorem, this expression is unity except when 
m,n, is a prime p, that is, when n/m=p. In thiscase Rm 
Hence the theorem. 

To find the resultant R,,,., where m and n are any distinct 
integers, we may proceed as follows. Let m=m yu and n=ny 
where mo and mo are the largest simple divisors of m and n. 
Let also (u, v) =d, (mo, v/d) =d; and (mo, w/d) =d2. Finally let 
r, and s; be the roots of Q,,,(x) =0 and Q,,,(x) =0; let pz be one 
of the values of r;“ and a; be one of the values of s}”. Then, 
by (3), all the roots of Q,,(x) =0 are given by pie, where «, is a 


primitive wth roct of unity, k=1,2,---,@(mo), and 
7=1,2,---,p. Similarly the roots of Q,(x)=0 are given by 
where is a primitive vth root of unity, ]=1, 2, - - -, 
and j=1, 2,---,v. Hence we may write 
= IL — ove.) 
kel lal tml jal 
= — = TT — 
k,l i=1 


@(mo/dy) o(no/ de) 


k,l k=1 

where 7 and § are respectively the roots of Qma,(x)=0 and 

Qnya(x) =0. Hence 


dg (d,)¢(d2) 


Since mo/d,; and no/d, are simple numbers we may apply 
Theorem 3 and obtain the following result. 
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THEOREM 4. Let m=mop and n=nw be any positive integers, 
where mo and no are the largest simple divisors of m and n. Let 
(u, v) =d, (mo, v/d) =d, (no, =de, and* medz<nod;. Then 

is mado | if nod,/(mod2) = p, 
on if nodi/(mod2) p. 
Since 


= 4" — 


and since the discriminant of a product of several polynomials 
is equal to the product of their discriminants times the product 
of the squares of the resultants of the polynomials taken two 
at a time, we have the following identity for m a simple number: 


n 26 (6 
6 p,/é 


If » is not a simple number, the conditions of Theorem 4 are so 
complicated that the corresponding identity cannot be easily 
expressed. The following table which gives the discriminants 
and the resultants belonging to the divisors of 72 illustrates 
this identity, and gives some idea of the magnitudes under 
discussion. 


2 2 2 3 1 

3 

8 

12 | 243? 
18 1 26 26 |39 
24 1 38 | 21634 
36 gi2 | 912318 
72 2183 


R...» is found in the row marked m and the column marked n. 
The product of the discriminants times the squares of the re- 
sultants listed above is found to be 2216 314 = 7272, 


BRowN UNIVERSITY 


* This inequality is imposed merely for definiteness and may be reversed 
at will by interchanging m and n. See the previous footnote. 
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PROBABILITY AS EXPRESSED BY ASYMPTOTIC 
LIMITS OF PENCILS OF SEQUENCES* 


BY E. L. DODD 


1. Introduction. From time to time certain conceptions and 
theorems of mathematics need a restatement. Especially true 
is this in a subject like probability throughout which is woven 
so much non-mathematical material. This paper, then, is an 
attempt to depict probabilities, initially discrete, by the use of 
aggregates of sequences, in language strictly mathematical, but 
as simple as possible. The treatment will resemble not so much 
that of von Mises, who uses single sequences, as that of Borel, 
Lomnicki,§ and Steinhaus.|| But it will differ from the latter 
two in avoiding the concept of measure, and indeed from all 
in the approach to the subject. The asymptotic limit introduced 
in this paper involves a notion resembling that involved in the 
phrase almost everywhere. 

In pure mathematics, the word probability may be taken{ to 
signify simply the ratio of the number of objects in a subset to 
the number in the set, so long as discrete or arithmetic proba- 
bility is being considered. It is, indeed, as far outside the field 
of mathematics to determine whether two events are equally 
likely as to determine whether two bodies have the same mass. 
Even in the applications, the role of pure mathematics is merely 
to count expeditiously the elements of sets and subsets, or more 
generally to determine certain measures of sets, which are 
believed by competent judges to depict adequately situations 
in the external world. It is generally believed, for example, 


* Presented to the Society, August 27, 1929. 

{ Grundlagen der Wahrscheinlichkeitsrechnung, Mathematische Zeitschrift, 
vol. 5 (1919), pp. 52-99; see especially pp. 55-57. 

t Les probabilités dénombrables et leurs applications arithmétiques, Rendi- 
conti di Palermo, vol. 27 (1909), pp. 247-271. 

§ Nouveaux fondements du calcul des probabilités, Fundamenta Mathe- 
maticae, vol. 4 (1923), pp. 34-71. 

|| Les probabilités dénombrables et leur rapport a@ la théorie de la mesure, 
Fundamenta Mathematicae, vol. 4 (1923), pp. 286-310. 

4G See Lomnicki, loc. cit., p. 37. 
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that two tosses of an ordinary coin can be described adequately 
for most purposes by writing HH, HT, TH, TT. Granting 
this, the verdict of mathematics is that 2/4 is the probability 
of one head and one tail. On the other hand, if a certain mis- 
shapen coin is thought to favor heads two to one, the follow- 
ing nine two-element sequences can be written: HH, HH, HT; 
HH, HH, HT; TH, TH, TT, and the probability of one head 
and one tail on this hypothesis is 4/9. A supplementary exhibit 
would commonly appear in columnar form, the first column 
with two /7’s and one T, each such element followed by a brace 
enclosing likewise two H’s and one 7. The nature of the problem 
is unchanged if the coin is declared to favor heads 501 to 499, 
though the writing of the sequences becomes more laborious. 

In trying to symbolize the ordinary coin, we note that with 
two different elements, say H and T, there can be formed 
exactly 2° different sequences with s elements each. Let m; be 
the number of H’s in the 7th sequence, 7=1, 2,---, 2%. Then 
the percentage of the sequences in which m;/s is close to 1/2, 
when s is large, is almost100%. This, which contains the essence 
of Bernoulli’s theorem, is a simple mathematical fact,independent 
of any meanings or implications which philosophers or scientists 
may attach to the word probability. Furthermore, it is a correct 
mathematical picture for the proposition (whether this propo- 
sition be true or false) that if you keep on tossing an ordinary 
coin, you are almost sure to get heads just about half the time. 
This pictorial correctness and the logical rigor of conclusions 
is all that mathematicians can be held responsible for; mathe- 
maticians know nothing about the truth or falsity of propo- 
sitions about coins, the implements of chance, or natural 
statistical phenomena. 

In the so-called* Bernoulli case, the elementary probability 
remains constant from trial to trial; in the Poisson case, it 
changes; for example, if balls are to be drawn successively 
from a set of urns with different proportions of white and black 
balls. In the Poisson case, it becomes eventually almost certain 
that the ratio of occurrences (white balls) to trials will closely 
approximate the average of the given probabilities for the 
occurrence (white ball) of the event on a single trial. Make the 


* Rietz, Mathematical Statistics, pp. 27-35, in particular, p. 28. 
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given probabilities all identical, and the Bernoulli case is 
obtained. 

2. Pencils of Sequences. Let there be n objects, not necessarily 
numbers, di, d2,- ~~, @n, Which we may think of as arranged 
in a column rather widely spaced, with a brace, {, following 
each object. Associated with a;, and placed in a column to 


the right of the brace, let there be n; objects bi, Di2,--- , Din,, 
for i=1, 2,---,m. Such a set of objects we call a brace. Also 
, dn form the first brace. In the same way let each 


be associated with ;; objects designated by c;;, and so on. 
From these, sequences may be formed, of which 


is typical. The aggregate of such sequences we call a pencil of 


sequences, and each object such as aj, b;;, ¢ijx,--- an element. 
An exhibit of decimal fractions* or dyadic fractions would form 
a pencil. 


Frequently it is convenient to take the braces in a given 
column all alike. That is m;; and b;; do not change with z. In 
this case a brace characterizing a column will be called a 
cross section of the pencil. And, in contradistinction, the se- 
quences will be called the longitudinal sections. 

From a given pencil of sequences of objects, corresponding 
pencils of sequences of numbers can be constructed. Thus, if a 


sequence is A, A’, A’, A,---, with A perhaps signifying 
success, and A’ failure-—we can write as a number sequence: 
1, 1,4; , A’s> of 11/25 473, 


to get the relative frequency of the A’s. In general, probability 
problems lead to such numerical sequences. The sth term of 
such a sequence is a function of s. 


3. Asymptotic Limits. DEFINITION. For a pencil, or a finite 
number of pencils of sequences, and a given number s of terms 
in a sequence, let there be N(s) functions, one for each sequence, 
fils), fo(s), -- +, which collectively will be designated f(s). 
Given e>0, small at pleasure, suppose that m/(s, €) of these 
functions satisfy 


(1) | f(s) —L| <e, 


* See Borel, loc. cit., p. 258. 


= 
= 
— 
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where L is a constant with respect to s and ¢, and where 
m(s,e) 
(2) lim 
soo N (s) 
We call Z an asymptotic limit or an almost limit, and write 


(3) alim f(s) = L. 

This means that with e>0, 7 >0, small at pleasure, it is possible 
to find s’ so that if s>s’, we have OS 1—m/N <7. 

A number of writers have recognized that problems of 
probability often lead to a relation resembling a limit; for ex- 
ample, when it becomes almost certain or asymptotically certain 
that an empirical ratio will approximate a theoretic ratio or 
probability. Cantelli* capitalizes the | of lim, writing Lim for 
his near-limits. 


PROPERTIES. Analogous to properties of ordinary limits are 
properties of these asymptotic limits. For example, if with a 
pencil of sequences we define two functions f(s) and g(s) having 
asymptotic limits L and L’, then 


(4) alim [f(s) + g(s)] =L+L’. 


For if m’(s,¢) is the number of sequences for which 
f(s) and m’’(s,¢) is the number for which 
g(s)—L’|>e/2, then the number for which |f,(s)+g,(s) 
—(L+L’)|>e cannot exceed m’(s, €-)+m’’(s, «). But the 
ratio of this sum to V(s) approaches zero as a limit. In a similar 
manner, we prove the theorem: If F(x, - - - , y) is continuous at 


and alim f(s) =L,---, alim g(s) =L’, it follows thatt 
(5) alim F[ f(s), --- , g(s)] =FIL,---, 


4. The Bernoulli and Poisson Theorems. Of the theorems of 
probability few are more important than the Bernoulli theorem 


* La tendenza ad un limite nel senso del calcolo della probabilité, Rendiconti 
di Palermo, vol. 4 (1916), pp. 191-201. 
+ See Cantelli, loc. cit., p. 199. 


= 
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with its extensions and its inverse. For the Bernoulli theorem 
all the cross sections of the pencil are identical; for the Poisson 
theorem, the cross sections are in general different. The 
Poisson theorem, in the language here used, is then a statement 
that the average cross section of a pencil gives a correct estimate 
of nearly all the longitudinal sections; that is, with the exception 
of a percentage of the latter, which evanesces with increasing 
s. To express this more fully, suppose that to form a pencil, n 
of the A’s, B’s,---, K’s are taken for the first column, 7’ 
of these elements for each identical brace in the second column, 
n’’ for each identical brace in the third column, and so on. Let 
p; be the ratio of the number of A’s in the first column to 2, 
let p2 be the ratio of the number of A’s in each brace of the 
second column to n’, and so on. Let f,(s) be the number of A’s 
among the first s elements of the ‘th sequence. The Poisson 
theorem is then the statement that if 


1 
(6) lim —|fit+ po+---+p.) =, 


soa 
it follows that 
(7) alim —— = p 
soo 

Not only is this true for the A’s, but the analogous relation 
holds for the B’s,---, K’s, simultaneously, by the addition 
theorem for asymptotic limits. Hence, asymptotically, that is, 
excepting an evanescent percentage of the sequences, the 
distribution of A’s, B’s, -- - , K’s in the sequences conforms to 
the ratios set up by the average cross section of the pencil. The 
result is unchanged if a finite number of the cross sections are 
altered or are unknown, as this would not effect the value of p. 
At this point there is an analogy between this direct form of 
probability, and the indirect or inverse based upon unknown 
a priori probabilities, which we consider next. 

5. The Inverse to Bernoulli's Theorem. An urn contains } 
balls of which a= pb are white, where a and # are unknown. 
In s drawings of a ball with replacement, r white balls have 
appeared. Then r/s may be accepted as an estimate of the 
unknown probability », of getting a white ball in one drawing. 
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Indeed, with »>0, small at pleasure, there is an a posteriori 
probability greater than 1—7, when s is sufficiently large, that 

r/s—p|<1/b, at least, if it can be assumed that there was a 
positive a priori probability, not necessarily known, for each 
of the (+1) possible ways of filling the urn. By means of some 
such schema, some precision can be given to the Bernoulli 
inverse. But even here are mentioned various probabilities 
capable of exciting philosophic perplexities. So it seems de- 
sirable to express the mathematical relations involved without 
using the word probability. 

The inverse theorem, in discrete form, makes use of certain 
unknown a priori probabilities, which in the formulation 
which follows will be represented by proportional arbitrary* 
constants, N,. The unknown cause is the value a/b of a prob- 
ability. After r successes in s trials, the value r/s is attributed 
to a/b. The ¢€ used is the margin between the discrete values 
considered for the probability a/b. In exact language, and thus 
in language unencumbered by any notions of probability, the 
theorem may be stated as follows. 

Let e« and a whole number 0 be so chosen that 


1 

b 
and let (6+1) whole numbers, No, Ni, ---, Ns, be arbitrarily 
taken. For each a in turn, a=0, 1, 2,---, 6, let N. pencils of 


sequences be constructed, each sequence with s elements, by 
putting into each brace a of the A’s, and b—a of the not-A’s. 
Let n(r, s) be the number of these sequences with exactly r of 
the A’s among its s elements and let m(r, s, «) be the number of 
such sequences for which 


IIA 


r a 
9) 
b | 


m(r,5,€) 
(10) im ———_— = 


* See von Mises, Fundamentalsdtze der Wahrscheinlichkeitsrechnung, Mathe- 
matische Zeitschrift, vol. 4 (1919), pp. 1-97, in particular, p, 83. 


Then 
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uniformly for r. In other words, given 7>0, small at pleasure, 
it is possible to find s’ so that if s>s’, and r thereafter is given 
any of the values 0, 1, -- - , s, we have 


(11) | <7. 

This, indeed, permits r/s to have values near zero or unity where 
the approximation of the Laplacean integral is not so good. 
On account of (8), at least one integral value a satisfies (9). 

If, moreover, it is understood that b is to be chosen after e, 
the conclusion may be stated as follows: For the ‘th sequence 
which contains exactly 7 of the A’s, let f,(r, s) be the value of a 
which characterizes and initiates the sequence, and let a,, be a 
collective symbol for f,(r, s). Then 


(12) atim --) 


uniformly for r. 


6. Conclusion. The foregoing is perhaps sufficient to show 
that, without entering into the somewhat intricate theory of 
measure, we may express accurately some of the most im- 
portant theorems of probability in just about the usual language 
of mathematics, at least avoiding such notions as cases equally 
likely, a concept which seems to have significance for the 
external world rather than for mathematics. Of course, after 
the mathematical framework is understood, there is no more 
harm in employing the usual language of probability than in 
speaking of a sphere in dimensions. 


THE UNIVERSITY OF TEXAS 
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SOME PROPERTIES OF SPHERICAL HARMONICS* 
BY H. BATEMAN 


A Newtonian potential V(x, y, z) can often be derived from 
a four-dimensional potential W(x, y,z,w) by forming the 


definite integral 
1 
V= Wdw. 
T 


Thus, if W is the reciprocal of (x—xo)?+(y—yo)?+(z—2Z0)? 
+(w—wp)?, where Xo, Yo, 20, Wo are real constants, the Newtonian 
potential V is the inverse of the distance between the points 
(x, y, z) and (xo, Vo, 0). There is thus a simple correspondence 
between the charges giving rise to the two potentials, the 
point charge in the three-dimensional space, S;, being simply 
the projection of the corresponding point charge in the four- 
dimensional space S;. With suitable restrictions this method of 
projection may be applied to surface distributions of charge in 
S; and we shall consider in particular the case of a continuous 
distribution over the spherical surface 


+y?+w?=a’?, 2z=0, 


when the surface density depends only on x?+~y?. In this case 


W = f f (a?/ R*)f(cos @) sin , 
0 0 


where f(cos @) is the function giving the law of density and 
2= (w—acosé)?+3?+ («— asinécosd)*?+ (y— asin@ésing)?. 
To reduce the integral to a simpler form we write 


cos6=¢, x? + y? = p’, p? +w? = 7’; 
then 
W = (xa/r)U(X,Y,Z), 


where 


* Presented to the Society, June_20, 1929. 


= 
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| 


N 
| 


= ws*/(2ar®), 4+ Z? = (st — 4a%*)/(4a?r?), 
y+ 24 a?. 


Now, when (X, Y, Z) are regarded as rectangular coordinates 
in a new space S;*, the function U is the Newtonian potential 
of a rod of line density f(¢) and so it is advantageous to intro- 
duce spheroidal coordinates &, n, of the prolate type, by means 
of the equations 


cos cosh = Z = ws?/(2ar?)» 

sin sinh = (X? + Y?)"/? = — 4a?r?)!/2/(2ar?) . 
We then find that 

cos = w/7, cosh 7 = s?/(2ar) . 
If P,.(u), Qn(o) are the usual Legendre functions, the potential 
U = Q,(cosh n) P,,(cos &) 
gives rise to the four-dimensional potential 
W = Pr(w/7). 


This is a particular case of the theorem that if H(x, y, w) is a 
homogeneous function of x, y, w of degree —2—1 such that 


07H 
= 
Ox? Oy? Ow? 


0, 


and 7 is a function of z and 7 satisfying 


or 2n-0r off 
(1) —-——+—= 
Or? T OTF 02 


0, 


the product W=HT isa four-dimensional potential. It should 
be noted that the equation (1) is satisfied by 7"P,,(s?/(2ar)) and 
7"Q,(s?/(2ar)). To ascertain the nature of the function V 
derived from W we note that when p =0 the potential V becomes 


= 
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2aw 12°-+ a? + w? — 2apw 


P,(u)dw 
-1 (w— ap)? + a%(1 — + 2? 


[22 + a2(1 — 


(n = 2m + 1), 


II 


where 


and where 


+ 1) (1 + 
(2m + 3/2). 


1 1 
F(m + m+— + = 
is the type of Legendre function used for the standard harmonics 
associated with an oblate spheroid, the notation being that used 
in Lamb’s Hydrodynamics, 5th edition, p. 124. The change of 
the order of integration in the repeated integral in the above 
analysis is easily justified when z? >«?>0 because Weierstrass’ 
test may be used to establish the uniform convergence of the 
infinite integral in the range —1 Sy. 
The function V is the potential of a circular disc charged with 
a surface density [a?/(a?—p?) ]!/?Pom[(1 —p?/a*)/2], the charges 
on the two sides being equal. By introducing the spheroidal 
coordinates o, wu, defined by the equations 


2=>dapo, p= + o?) 


the potential V may be expanded in a unique manner in a 
series of spheroidal harmonics of type A,P,(u)g,(0); and by 
putting u=1 it is easily seen that V is identical with the 
harmonic Hence 


dw 
(2) f —Qom(S?/(2ar)) Pom( w/t) = 
if 


= | z|/a), (n = 2m), 
1-3---- -(2m—1) 
= 
2-4: -(2m) 
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This is a relation between spheroidal harmonics of the prolate 
and oblate types. 
On the disc we have ¢ =0, and since 2g2»,(0) =7C,,, the value 


of V is 
Vo = Pom(u)- 


Another relation, which is obtained by the method of projection 
from S,, may be mentioned here. If r?=x?+y?+2?, p?=x?+y?, 


1 s dw 22 + w? — p? x 
(3) —f ) = Ci Pe =) = 
+ 2+ w? + p? r 


If w=r tan e, it is easily seen that the integral is of the form 
r-*»-1F(z/r), where F(v) is a polynomial. Since the integral 
represents a Newtonian potential, F(v) must be a constant 
multiple of P2,(v) and the constant multiplier may be identified 
with C, by putting p=0. 

The associated relation 


(4) (= ——*) = (=) 


is more difficult to prove. The integral may be shown by 
differentiation to be a Newtonian potential and the substitution 
w=r tane indicates that it is of the form r-2"-"[A,Qon(z/r) 
+B,P2,(z/r)], where A, and B, are constants to be determined. 
Now Q2,(0) =0, P2,(0) =(—1)"C,, hence B, =0 if 


dw w p” 
(5) f ) 
(p? w) n+1 w 


To establish this relation we make use of the expansion 


which is readily derived from the formula* defining Q,(v), 
namely, 


1 (—1)" a" /1 r+2 
(7) (=) = (— lo ). 
r 2"-n! d2"\2r r—2 


* E. W. Hobson, Proceedings of the London Mathematical Society, (1), 
vol. 22 (1891), p. 438. (This reference was given to me by G. N. Watson.) 
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The expansion indicates that Q,[(w?—p?)/(w?+p*)] can be 
regarded as an odd function of w and so the truth of (5) becomes 
manifest. To determine the value of A, we shall first obtain 
another integral for the same Newtonian potential by making 
use of the fact that if the function W= F(x, y, 2?—#?) is a 
solution of the wave-equation 

ow ew 


Ox? Oy 02? or? 


the integral 


V = 


t+z 
f F[x,y,2? — (t — 


1 
is in many cases a solution of Laplace’s equation. Instead of 
enumerating a set of sufficient conditions to be satisfied by F 
we shall simply remark that the conditions (indicated by the 
differentiations under the integral sign) are evidently satisfied 
in the present case (when m is a positive integer) because the 
integrand in the integral now to be considered is a polynomial: 


(8) dr|[r? — (t — r)?]"P, ( 
+ p? + 2? — (¢ — 


= (—1)"C,r-2""! Oon(z/r) 


The integral evidently represents a function of type r~2"-1 F(z/r) 
and is zero when z=0, consequently it represents a constant 
multiple of r~?"~!Q2,(z/r). The constant multiplier may be 
determined by differentiating with respect to z and making use 
of the relation 


Q'on(0) = (— 1)"/C,. 


This may be proved by differentiating the relation (5) with 
respect to z and then putting z=0 and using the expansion 


(9) + h*)-3/? sinh-! kh — 1/(1 + he?) = 

n=0 
Multiplying the relation (4) by a?" and summing from n=0 to 
n= ©, we obtain the relation 


(10) f = , 
0 


—r2sin?9)2 
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where r? =(p+a)?+2?, r? =(p—a)?+2?, and resing@=z. This 
relation holds for p2a. 

Calling the potential function on the left of (10) v, we note 
that if (4) is correct, there must be a relation of type 


1 
= dw[at + 2a%(z* + w? — p?) 
T 


a. 


2p(z? + w?)!/2 


To test this relation we first put p=a. It then becomes 


+ (r? + w*)?]-/? sinh | 


dé 
0 (4a? + 2? cos? 6)!/2 


1 dw (2? w?) 1/2 
[(2? + w)(22 + w? + ]1/2 


This relation may be checked by expansion in powers of 1/a, 
making use of the expansion 


(2? w?) 
2a | 
—1)" (22 + 
(2a)? 


(11) (2? + w? + 


This will serve as an outline of a method by which the relation 
(4) may be established. 

It should be noticed that by making use of (7) the series on 
the right of (10) may be expressed in the form 


and, since* 


1 
(13) — log =— = e~**V (kp)dk, 
2r 


the last expression may be replaced by a definite integral. The 
appropriate formula is 


* Watson, Bessel Functions, p. 387. 


o 

| 
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1 
— (p >a>O), 
(14) 


| 


1 
ly =— f (a > p > 0). 
0 


\ 


G. N. Watson has kindly mentioned that the function v is also 
expressible in the forms 


1 
p= ak ((kR) dod 
2 Jo 0 


(15) 
1 
=— =f ao o(kR)dk, (R* = p? + a? — 2pacos¢), 
- 0 0 


the repeated integral being absolutely convergent. 

Formula (14) is easily checked by noticing that v is a sym- 
metric function of p and a and that a correct result is obtained 
by putting p=0. That the result is also correct for p=a is 
seen by making use of the well known formula* 


2 2 
(16) Jo(ka)Vo(ka) = — =f Jo(2ka cosh u)du. 
The equation then becomes 
f (4a? + cos? 6)-/2d9 = f (22 + 4a? cosh? u)—!/2du. 
0 0 
if we first put p=a in vand then make z=0 the result is 7/(4a) 
but if we first put z=0 and then make p—a the result is zero, 
a result which is in agreement with the fact that v is an odd 
function of z. 


It is interesting to note that 


0, (ep >a>0O), 
—1/(2a), (p=a>0). 


(17) f Jo(Xa) Yo(Ap)dv 
0 


The value of the integral for p<a has been obtained for me by 
G. N. Watson. When 0 <p <a it is 


* N. Nielsen, Handbuch der Theorie der Cylinder Funktionen, p. 215. 


-— 
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(+) 
ra a 
where K and 1K’ are the quarter periods of elliptic functions 
of modulus k. It should be observed that 


(18) lim, J 1/a. 


When p<0, a>0, p=ae'™ (¢.>0), Yo(Ap) = Yo(Ao) +2iJo(Ao), 


the value is 
2 41 
wa a wa a 


for <a and foro >a. When o =a the integral 
is divergent. 
Watson remarks that a combination of (15) with (13) gives 
the simple formula 
1 do 
» = g? + R?). 


2x 0 = 2 


(19) v 


Two other simple expressions for v may be obtained by using the 
known formula* 


2 
(20) = =f cos (x cosh u)du, (x > 0). 


The result is that 


| f dul(z + ip cosh u)? + a®]-¥/2, (p 
(21) » = real part of | 


| f dul|(z + ia cosh u)? + p?]-1/2, (p 


IV 


a), 


IA 


a). 


Here v is the potential corresponding to a surface density pro- 
portional to 1/(az) on the cylinder p=a. The discontinuity in 
the surface density at the plane z=0 is responsible for the dis- 
continuity in v. We have actually 


* When p>a>0 the result is easily deduced from Nielsen’s formula (12) 
on p. 193 of his book. 


| 
| 
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(22) J we 1/(az), 
x/(2a) . 


The behavior of the potential would be precisely the same if the 
surface density proportional to 1/(az) were distributed on the 
sphere r=a instead of the cylinder p=a. The potential in this 
case can be expressed in the forms 


[o(p,2) [v(p, 2) 


23 n=0 (2n q2nt2 
(23) 
2 (—1)” 
, (ry 2a). 


n=0 (2n p2nt2 


For rSa we have, indeed, 1:=v. This may be seen by making 
use of the relation 


1 t+z 2? (t 2 
(24) dr[r? — (t — 
2 J p? + 2? — (¢ — 1)? 


(—1)"r2"+1 (=) 
= 
(2n + 1)C, r 
which is proved* in the same way as (8) when use is made of the 


relation 


(25) Ponyi(0) = (— 1)*/[(2m + 1)C,]. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


* Watson, Bessel Functions, p. 180. 
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NEW PUBLICATIONS 
PART I. PURE MATHEMATICS 


ALLEN (E. S.). Six-place tables. With explanatory notes. 3d edition. New 
York, McGraw-Hill, 1929. 

ANDERSON (L. F.). Das Logische, seine Gesetze und Kategorien. Leipzig, 
Meiner, 1929. 97 pp. 

ARCHIBALD (R. C.). See THE RHIND MATHEMATICAL PAPYRUS. 

BeEsseEL (H.). Elementar-arithmetische Untersuchungen iiber die Darstellung 
einer natiirlichen Zahl von Quadratzahlen. (Dissertation, Kénigsberg.) 
Borna-Leipzig, 1929. 45 pp. 

BiEBERBACH (L.). Analytische Geometrie. Leipzig, Teubner, 1930. 4+120 pp. 

BLASCHKE (W.). Vorlesungen iiber Differentialgeometrie. 3te, erweiterte 
Auflage. Teil 1. Berlin, Springer, 1929. 10+311 pp. 

BonNESEN (T.). Les problémes des isopérimétres et des isépiphanes. (Borel 
Series.) Paris, Gauthier-Villars, 1929. 175 pp. 

Branp (W.) und Devutscupein (M.). Einfiihrung in die philosophischen 
Grundlagen der Mathematik. Frankfurta. M., Verlag Diesterweg, 1929. 
2+96 pp. 

BRICARD (R.). Le calcul vectoriel. Paris, Armand Colin, 1929. 199 pp. 

BrunscHwicc (L.). Les étapes de la philosophie mathématique. Paris, Alcan, 
1929. 591 pp. 

Butt (L.). See THE RHIND MATHEMATICAL PAPYRUS. 

Cuace (A. B.). See THE RoIND MATHEMATICAL PAPYRUs. 

Courant (R.). See Hurwitz (A.). 

DaLaKER (H. H.) and Hartic (H. E.). The calculus. New York, McGraw- 
Hill, 1930.° 8+-254 pp. 

DEUTSCHBEIN (M.). See BRAND (W.). 

Dickson (L. E.). Introduction to the theory of numbers. Chicago, University 
of Chicago Press, 1929. 8+183 pp. 

DijKsTERHUIS (E. J.). De elementen van Euclides. Deel II: De boeken 
II—-XIII der Elementen. Groningen, Noordhoff, 1930. 

DE ECHAGUIBEL (E.). Principios de analisis matematico. Algoritmos auxiliares 
y complementarios. Bilbao, Eléxpuru, 1929. 287 pp. 

FAHIE (J. J.). Memorials of Galileo Galilei, 1564-1642. Leamington and 
London, The Courier Press, 1929. 24+172 pp.+47 plates. 

GamBIOLI (D.). Breve sommario della storia delle matematiche. 2a edizione. 
Palermo, Remo Sandron, 1929. 236 pp. 

GLANVILLE (S. R. K.). See THE RHIND MATHEMATICAL PAPYRUS. 

Hartic (H. E.). See DALAKER (H. H.). 

Horn (J.). Partielle Differentialgleichungen. 2te, umgearbeitete Auflage. 
Berlin, de Gruyter, 1929. 192 pp. 

HwumBert (G.). Oeuvres de G. Humbert. Publiées par les soins de P. Humbert 
et de G. Julia. Tome I. Avec une préface de P. Painlevé. Paris, Gauthier- 
Villars, 1929. 10+556 pp. 
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HuMBERrtT (P.). See HuMBERT (G.). 

Hurwitz (A.). Vorlesungen iiber allgemeine Funktionentheorie und elliptische 
Funktionen. Herausgegeben und erginzt durch einen Abschnitt iiber 
geometrische Funktionentheorie von R. Courant. (Die Grundlehren der 
Mathematische Wissenschaften, Band 3.) 3te, vermehrte und verbesserte 
Auflage. Berlin, Springer, 1929. 12+534 pp. 

Janet (M.). Lecons sur les systémes d’équations aux dérivées partielles. 
(Cahiers Scientifiques, No. 4.) Paris, Gauthier-Villars, 1929. 8+125 pp. 

Jounson (R. A.). Modern geometry. Boston, Houghton Mifflin, 1929. 13+ 
319 pp. 

Jutta (G.). See HumBErt (G.). 

KELLER (E.). Die Lésung des Problems von Fermat. Ziirich, Riigg, 1929. 

Kraitcuik (M.). Recherches sur la théorie des nombres. Tome II: Fac- 
torisation. Paris, Gauthier-Villars, 1929. 

KRAMER (F.). Repetitorium der Logik. 2te, verbesserte Auflage. Berlin, de 
Gruyter, 1929. 97 pp. 

LALANDE (A.). See Nicop (J.). 

LeFscuEtz (S.). Géométrie sur les surfaces et les variétés algébriques. (Mémo- 
rial des Sciences Mathématiques, No. 40.) Paris, Gauthier-Villars, 1929. 

LeMAIRE (—.). Hypocycloide et epicycloide. Paris, Vuibert, 1929. 

Levi (F.). Geometrische Konfigurationen mit einer Einfiihrung in die kom- 
binatorische Flaichentopologie. Leipzig, Hirzel, 1929. 8+312 pp. 

Loria (G.). Curve piane speciali algebriche e trascendenti. Teoria e storia. 
Prima edizione italiana. Volume I: Curve algebriche. Milano, Hoepli, 
1930. 16+574 pp. 

MAETERLINCK (M.). The life of space. Translated by B. Miall. London, 
Allen and Unwin, 1928. 171 pp. 

MannincG (H. P.). See THE MATHEMATICAL PAPYRUS. 

(B.). See MAETERLINCK (M.). 

Morpurco (A.). Die wiederholte Einzelausgleichung. Leipzig, Teubner, 
1930. 45 pp. 

MvuKHopapHyaya (S.). Collected geometrical papers. Part I. Calcutta, 
University Press, 1929. 8+157 pp. 

Nicop (J.). Foundations of geometry and induction. With prefaces by 
Bertrand Russel and André Lalande. New York, Harcourt, Brace and 
Company, 1930. 284 pp. 

PaINLEVE (P.). See HuMBERT (G.). 

PétTRovitcH (M.).  Intégrales premiéres. Paris, Gauthier-Villars, 1929. 
50 pp. 

Rey Pastor (J.). Teoria geométrica de la polaridad en las figuras de primera 
y segunda categoria. Madrid, Talleras ‘‘Voluntad,” 1929. 294 pp. 

THE MATHEMATICAL Papyrus. British Museum 10057 and 10058. 
Volume I: Free translation and commentary by A. B. Chace with the 
assistance of H. P. Manning. Bibliography of Egyptian mathematics by 
R. C. Archibald. Volume II: Photographs, transcription transliteration, 
literal translation, by A. B. Chace, L. Bull, H. P. Manning. Bibliography 
of Egyptian and Babylonian mathematics (supplement), by R. C. Archi- 
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bald.The mathematical leather roll in the British Museum, by S. R .K. 
Glanville. Oberlin, Mathematical Association of America, 1927, 1929. 

RICHARD (—.). La géométrie. Nature des axiomes. Nature de raisonnement. 
Notion de l’espace. Paris, Les Presses Universitaires de France, 1929. 
57 pp. 

ROsENBACH (J. B.) and WuiTMAN (E. A.). Plane trigonometry. New York, 
Wiley, 1929. 9+216 pp. 

RosENTHAL (F.). Uber die logische und erkenntnistheoretische Bedeutung 
des mathematischen Gruppenbegriffs. (Dissertation, Jena.) Jena, 1928. 
69 pp. 

RotHE (R.). Héhere Mathematik. 3te Auflage. Teil 1: Differentialrechnung 
und Grundformeln der Integralrechnung nebst Anwendungen. Leipzig, 
Teubner, 1930. 8+-189 pp. 

RussELL (B.). See Nicop (J.). 

Spiess (O.). Leonhard Euler. Ein Beitrag zur Geistesgeschichte des 18. 
Jahrhunderts. Frauenfeld-Leipzig, Huber, 1929. 228 pp. 

STEVENS (B.). The identity theory. Manchester, the author, 1929. 32 pp. 

TURNBULL (H. W.). The great mathematicians. London, Methuen, 1929. 
8+128 pp. 

Vivant! (G.). Lezioni di analisi matematica. 3a edizione ampliata e riveduta 
delle “Lezioni di analisi infinitesimale.” Volume I. Torino, Lattes, 1930. 
8+478 pp. 

Voce (K.). Die Grundlagen der agyptischen Arithmetik in ihrem Zusammen- 
hang mit der 2: n-Tabelle des Papyrus Rhind. Miinchen, Kommissions- 
Verlag Michael Beckstein, 1929. 6+211 pp. 

WALTHER (A.). Begriff und Anwendung des Differentials mit besonderer 
Beriicksichtigung des Unterrichts und der Naturwissenschaften. Leip- 
zig, Teubner, 1929. 4+95 pp. 

Wuirtan (E. A.). See RosENBACH (J. B.). 

ZACHARIAS (M.). Elementargeometrie der Ebene und des Raumes. (Géschens 
Lehrbiicherei.) Berlin, de Gruyter, 1929. 252 pp. 


PART II. APPLIED MATHEMATICS 


ANDERSON (O.). Die Korrelationsrechnung in der Konjunkturforschung. 
Bonn, Kurt Schroeder, 1929. 141 pp. 

AUERBACH (F.) und Hort (W.). Handbuch der physikalischen und techni- 
schen Mechanik. Band 1, Teil 1, Lieferung 3. Leipzig, Barth, 1929. Pp. 
695-786. 

BERGERON (L.). Machines hydrauliques. Paris, Dunod, 1929. 8+884 pp. 

BERGMANN (H.). Der Kampf um das Kausalgesetz in der jiingsten Physik. 
Braunschweig, Vieweg, 1929. 78 pp. 

Bianc (A.). See LEMOINE (J.). 

Boonstra (H. C.). Practische vraagstukken over de beschrijvende meetkunde 
met hoofdpunten van de theorie ten dienste van het nijverheidsonderwijs. 
Tweede druk. Groningen, Noordhoff, 1930. 

BRIDGMAN (P. W.). See WIEN (W.). 

CALVERT (W. J. R.). Physics. Part 4: Magnetism and electricity. London. 
John Murray, 1929. 10+333 pp. 
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Cocutescu (N.). Curs de astronomie teoretica. Bucarest, Casei Scoalelor, 
1929. 513 pp. 

DesByeE (P.). Dipolmoment und chemische Struktur. Leipzig, Hirzel, 1929. 
134 pp. 

DeIMEL (R. F.). Mechanics of the gyroscope. New York, Macmillan, 1929. 
10+192 pp. 

Dover (A. T.). Theory and practice of alternating currents. 2d edition (re- 
vised). London, Pitman, 1929. 

Duncan (J.). Steamand other engines. Revised and enlarged edition. London, 
Macmillan, 1929. 11+536 pp. 

Feici (H.). Theorie und Erfahrung in der Physik. Karlsruhe, Braun, 1929. 


4+-142 pp. 
(L.). See (W.). 
Fre1 (K.). Zur Theorie des Fernsprechverkehrs. Berlin, Weidmannsche 


Buchhandlung, 1928. 8+138 pp. 

Friepricus (G.). Germanische Astronomie und Astrologie wahrend der 
Stein- und Bronzezeit. Die Gertrudenberger Héhle bei Osnabriick, eine 
germanische Kultstatte um 1600 vor Christus. Hellerau bei Dresden, 
Verlag Lindenberg, 1929. 32 pp. 

GEHLHOFF (G.), herausgegeben von. Lehrbuch der technischen Physik. 
Band 3: Physik der Stoffe. Leipzig, Barth, 1929. 16+555 pp. 


Gérarp (L.). Sur le probléme de Malfatti, le pendule de Foucault, et autres 
questions d’analyse et de physique. Paris, Librairie Vuibert, 1929. 
63 pp. 


GLASER (A.). See WIEN (W.). 

GrisEwoop (E. N.). See SHELDON (H. H.). 

GUNTHER (R. T.). Early science in Oxford. Volume 5: Chaucer and Messa- 
halla on the astrolabe. Now printed in full for the first time with the 
original illustrations. Oxford, the author, 1929. 9+234 pp.+25 plates. 

GUTENBERG (B.), herausgegeben von. Handbuch der Geophysik. Band 4, 
Lieferung 1: Theorie der Erdbebenwellen. Berlin, Gebriider Borntraeger, 
1929. 298 pp. 

Lehrbuch der Geophysik. Lieferung 5 (Schluss). Berlin, Gebriider Born- 
traeger, 1929. Pp. 10+797-1017. 

Haac (J.). Cours complet de mathématiques élémentaires. Tome 6: Géomé- 
trie descriptive. Tome 7: Cosmographie. Paris, Gauthier-Villars, 1929. 
77+122 pp. 

Haas (A.). Introduction to theoretical physics. Translated by T. Verschoyle. 
2d edition. Volume 2. London, Constable, 1929. 11+ 492 pp. 

HaynaL-Konyi (K.). Die Berechnung von kreisférmig begrenzten Pilzdecken 
bei zentralsymmetrischer Belastung. Berlin, Springer, 1929. 64133 pp. 

Harms (F.). See Wien (W.). 

HartTeck (P.). See WIEN (W.). 

HERZFELD (K. F.). See WiEN (W.). 

HinsHELWoop (C. N.). The kinetics of chemical change in gaseous systems. 
2d edition. Oxford, Clarendon Press, 1929. 64266 pp. 

Hort (W.). See AUERBACH (F.). 
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Jouxowski (N.). Théorie tourbillonnaire de I’hélice propulsive. Paris, 
Gauthier-Villars, 1929. 204 pp. 

Ka TEL (I.). Les bruits dans les batiments: comment les éviter? Acoustique des 
batiments. Paris, Béranger,1929. 112 pp. 

Kaut (L.). Atomenergie und Weltallkrafte. Ausnahmenfreie Gesetzgebung 
in Physik und Chemie. Berlin, W. Hoffmann, 1929. 224 pp. 

Kiesitz (F.). Die elektrischen Wellen. (Sammlung Géschen.) Berlin, de 
Gruyter, 1929. 125 pp. 

LEcoMTE (J.). Le spectre infrarouge. Paris, Les Presses Universitaires de 
France, 1928. 468 pp. 

LEMOINE (J.) et BLanc (A.). Traité de physique générale et expérimentale. 
Volume 1: Mécanique, chaleur. Paris, Léon Eyrolles, 1930. 861 pp. 

MArtTENs (F.). Die Elektronen-Strémungen in ihrer allgemeinen physikali- 
schen Bedeutsamkeit. Strémungtheorie. Relativitiatstheorie. Quanten- 
theorie. Elberfeld, Verlag Franz Martens, 1929. 109 pp. 

Manes (A.). Versicherungswesen. 5te vdéllig verainderte und erweiterte 
Auflage in drei Binden. Band 1. Leipzig, Teubner, 1930. 12+436 pp. 

MELLIN (H. J.). Das Weltgebaude im Lichte der Atherspannung. Helsingfors, 
Akademische Buchhandlung, 1929. 36 pp. 

MiLnE (E. A.). The aims of mathematical physics. Oxford, Clarendon Press, 
1929. 28 pp. 

DE MonrTILLE (H.). Les progrés 4 attendre du rayonnement solaire comme 
source d’énergie. Fascicule de préliminaires. Introduction. Bruxelles, 
Stevens, 1929. 24 pp. 

Morris (J.). The strength of shafts in vibration. London, Crosby Lockwood, 
1929. 8+190 pp. 

NIKURADSE (J.). Untersuchungen iiber die Strémungen des Wassers in kon- 
vergenten und divergenten Kanalen. Berlin, Verein Deutscher Ingenieure, 
1929. 

OBERTH (H.). Wege zur Raumschiffahrt. 3te Auflage von “Die Rakete zu den 
Planetenriumen.” Miinchen, Oldenbourg, 1929. 11+ 431 pp. 

Otay (K.). Die Genauigkeit der mit der Eétvés’schen Drehwage durchge- 
fiihrten relativen Schwerkraftsmessungen. Budapest, Verlag des Un- 
garischen Landesfonds fiir Naturwissenschaften, 1928. 117 pp. 

OsEEN (C. W.). Die anisotropen Fliissigkeiten. Tatsachen und Theorie 
Berlin, Gebriider Borntraeger, 1929. 87 pp. 

Otto (J.). See WIEN (W.). 

PEppIE (W.). Molecular magnetism. London, Arnold, 1929. 8+140 pp. 

PoLtarD (A. F. C.). The kinematical design of couplings in instrument 
mechanisms. London, Hilger, 1929. 64 pp. 

PRZIBRAM (K.). See WIEN (W.). 

Rawuins (F. G. I.) and Taytor (A. M.). Infra-red analysis of molecular 
structure. London, Cambridge University Press, 1929. 176 pp. 

RICHARDSON (E. G.). The acoustics of orchestral instruments and of the organ. 
London, Arnold, 1929. 158 pp. 

Scuiick (M.). Espace et temps dans la physique contemporaine. Traduit 
par M. Solovine sur la 4e édition allemande. Paris, Gauthier-Villars, 
1929. 94 pp. 


320 NEW PUBLICATIONS 


Scumipt (H.). Aerodynamik des Fluges. Eine Einfiihrung in die mathematische 
Tragflichentheorie. Berlin, de Gruyter, 1929. 8+-258 pp. 

SHea (T. E.). Transmission networks and wave filters. New York, Van 
Nostrand, 1929. 512 pp. 

SHELDON (H. H.) and GrisEwoop (E. N.). Television. New York, Van Nos- 
trand, 1929. 194 pp. 

SoLovINE (M.). See ScHiicK (M.). 

Tay Lor (A. M. ). See RAw ins (F.G. I.). 

TCHAPLIGUINE (S. A.). On the general theory of a monoplane wing. A 
theory of slotted aeroplane wing. Paris, Gauthier-Villars, 1929. 76 pp. 

VALENTINER (S.). See WIEN (W.). 

VERSCHOYLE (T.). See Haas (A.). 

Vittat (H.). Lecons sur la théorie des tourbillons. Paris, Gauthier-Villars, 
1930. 300 pp. 

VOLKRINGER (H.). Les étapes de la physique. Paris, Gauthier-Villars, 1929. 
9+217 pp. 

WarsurcG (E.). Lehrbuch der Experimentalphysik. 21te und 22te véllig neu 
bearbeitete Auflage. Dresden, Steinkopff, 1929. 19+482 pp. 

WIEN (W.) und Harms (F.), herausgegeben von. Handbuch der Experimen- 

talphysik. Band 3, Teil 2: Technische Mechanik, von L. Féppl. Leipzig, 

Akademische Verlagsgesellschaft, 1929. 

Handbuch der Experimentalphysik. Band 8, Teil 2: Warmeausdehnung, 

Zustandsgréssen und Theorien der Warme. Bearbeitet von S. Valentiner, 

J. Otto, P. W. Bridgman, A. Glaser, P. Harteck, K. Przibram, K. F. 

Herzfeld. Leipzig, Akademische Verlagsgesellschaft, 1929. 766 pp. 
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